WEIGHT-MONODROMY CONJECTURE FOR p-ADICALLY 
UNIFORMIZED VARIETIES 
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Abstract. The aim of this paper is to prove the weight-monodromy conjec- 
ture (DeUgne's conjecture on the purity of monodromy filtration) for varieties 
p-adicaUy uniformized by the Drinfeld upper half spaces of any dimension. The 
ingredients of the proof are to prove a special case of the Hodge standard con- 
jecture, and apply a positivity argument of Steenbrink, M. Saito to the weight 
spectral sequence of Rapoport-Zink. As an application, by combining our re- 
sults with the results of Schneider-Stuhler, we compute the local zeta functions 
of p-adically uniformized varieties in terms of representation theoretic invari- 
ants. We also consider a p-adic analogue by using the weight spectral sequence 
of Mokrane. 



1. Introduction 

Let K he a complete discrete valuation field with finite residue field Fg of 
characteristic p > 0, i^'x the ring of integers of K, and / a prime number different 
from p. Let X be a proper smooth variety over K, and V := Hf^{X^, Q;) the l- 
adic cohomology of X-j^ := X^kK on which the absolute Galois group Ga\.{K / K) 
acts. We define the inertia group Ik of K by the exact sequence: 

1 > Ik > Ga\{K/K) > Ga{(^ ql¥q) > 1. 

The monodromy filtration M, on V is determined by the action of Ik on V , and 
the weight filtration W, on V is determined by the action of a lift of the geometric 
Frobenius element Fr^ G Gal(Fg/Fg), which is the inverse of the g-th power map 
on ¥q (for details, see Definition 15.11 Definition I5.H|1 . 

The weight-monodromy conjecture claims the coincidence of these two filtra- 
tions up to some shift (|DiT], [Di3], HH], [TT2|, jTl3], |RZT| . [Rap|). Sometimes, 
the weight-monodromy conjecture is also called DeUgne's conjecture on the purity 
of monodromy filtration in the literature. 

Conjecture 1.1 (Weight-monodromy conjecture). 

MiV = Wi+^V for all i. 
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Let US briefly recall the theory of p-adic uniformization by Tate, Raynaud, 
Mumford, Mustafin, Kurihara, and others ( |Mumj . |Musj . |Kuj ) . Let flj^ be the 
Drinfeld upper half space of dimension d > 1, which is a rigid analytic space 
obtained by removing all if-rational hyperplanes from P^. We have a natural 
action of PGLd+i{K) on Qj^. For a cocompact torsion free discrete subgroup 
r C PGLd+i{K) , the rigid analytic quotient T\flK has a structure of a projective 
smooth variety Xp over K (for details, see The main theorem of this paper 
is as follows. 

Theorem 1.2 (Weight-monodromy conjecture for Xp). Let T C PGLd+i{K) be a 
cocompact torsion free discrete subgroup. Then, the weight-monodromy conjecture 
(Coniecture M.l]) holds for X^. 

Note that Conjecture 11.11 was known to hold if X/K satisfies at least one of 
the following conditions. 

(1) X has a proper smooth model over ifx ( |SGA4-lTT] . |De2j . |De3j ). 

(2) X is a curve or an ab elian variety over K { \^Gk7-\\ . IX). 

(3) X is a surface ( |RZlj for the semistable case, [3J] for the general case). 

(4) X is a certain threefold with strictly semistable reduction (JIt2'). 

(5) K is of characteristic p > ([DeSj, HI, EH)- 

Therefore, Theorem IL2I is new only in mixed characteristic although our proof 
of Theorem 11.21 is valid even if K is of characteristic p > (However, see also 
Remark l6.2|) . In mixed characteristic and in dimension > 3, Conjecture II. H is still 
open up to now. Therefore, Theorem 11.21 gives us an interesting class of varieties 
of any dimension in mixed characteristic for which Conjecture 11.11 holds. 

Our proof of Theorem 11.21 is based on a careful analysis of the weight spectral 
sequence of Rapoport-Zink (jRZTj). We prove a special case of the Hodge stan- 
dard conjecture and use it to follow a positivity argument of Steenbrink, M. Saito 
in jStj, |SaMlj . where they proved a Hodge analogue of Conjecture 11.11 bv using 
polarized Hodge structures (see also |GJNAj ). Namely, in our proof of Theorem 
11.21 the Hodge standard conjecture plays a role of polarized Hodge structures. 
Note that in flt2|, by basically the same idea as in this paper, the author proved 
Conjecture II. II for certain threefolds by using the Hodge index theorem which is 
nothing but the Hodge standard conjecture for surfaces. 

The outline of this paper is as follows. In ^ we fix notation and recall some 
basic facts about the Hodge standard conjecture and related theorems. Note 
that, in this paper, we mainly consider varieties whose /-adic cohomology groups 
are generated by algebraic cycles. We introduce appropriate notation in ^2.11 

In ^121 we recall some properties of blowing-up and prove the Hodge standard 
conjecture of blow-ups under certain assumptions by looking at the asymptotic 
behavior of the Lefschetz operator and the cup product pairings (Proposition 
13. 4|) . Such argument seems well-known at least in the simplest case of a blow-up 



WEIGHT-MONODROMY CONJECTURE 



3 



at a point on a surface. However, since the multiplicative structure of a blow-up 
is not so simple in higher dimensions, we need tedious computations to prove it. 

In 21 we consider a projective smooth variety 5" of dimension n over Fg which 
is obtained by successive blowing-ups of along linear subvarieties. The main 
result in §3] is a proof of the Hodge standard conjecture for such varieties for 
certain choice of an ample line bundle (Proposition |^7j). Although we can, in 
principle, compute everything combinatorially about the variety 5", the proof of 
Proposition 14.71 is far from trivial. We look at the combinatorial structure of 5" 
very carefully, and the proof proceeds by induction on n. This proof is inspired by 
McMullen's proof of an analogue of the hard Lefschetz theorem for non-rational 
polytopes f |Mcj ). 

In ^ we recall some basic facts on the weight spectral sequence of Rapoport- 
Zink. By a positivity argument of Steenbrink, M. Saito, we give a proof of a 
special case of Conjecture 11.11 assuming the existence of Q-structures on /-adic 
cohomology and the Hodge standard conjecture f Proposition 15. 7|) . 

In [JBJ we firstly give a proof of Theorem 11.21 The key point is that there is an 
explicitly constructed formal scheme locally of finite type over Spf iffK-, whose 

associated rigid analytic space is fi^. From the construction, we see that Xy has 
a proper semistable model Xr over Ck- Moreover, if Xr is strictly semistable, we 
see that all irreducible components of the special fiber of Xr are isomorphic to 
the variety B'^ in Hence we can prove the Hodge standard conjecture for them 
by Proposition 14.71 The same is true for intersections of them. By Proposition 
15.71 the proof of Theorem 11.21 is complete. 

In the rest of ^ and ^ we also give some applications and complements. 
By combining Theorem 11.21 with the results of Schneider-Stuhler on the /-adic 
cohomology of Xr (|SSj), we give a proof of Schneider-Stuhler's conjecture on 
the filtration F* on Hg{Xj^,Qi) (Theorem EHI)- As a consequence, we prove the 
following formula of the local zeta function ({s,Xr) of X^: 

2d 

({s, Xr) := n det (l - g"^ ■ Fr^ ; H^iXr ®k K, QO'") 

k=0 

= (l_,-.y.(rH-.,-.J[ 1 , 

fc=0 ^ 

where /i(r) is the multiplicity of the Steinberg representation in the represen- 
tation of PGLrf_|_i(i^) induced from the trivial character on P (Theorem 16. 4p . 
In particular, ({s,Xr) is independent of 1. In ^6.51 we consider a p-adic ana- 
logue by using the weight spectral sequence of Mokrane ( |Moj ) . After proving a 
]9-adic analogue of Conj ect ure 1 1 . 1 1 for Xr, we also prove that the local zeta func- 
tion Cp-adic('5, Xr) defined via p-adic Hodge theory coincides with ^(s,Xr) above 
(Theorem 16. 8t Theorem I6.1U|) . Finally, in ^ we give an application of these 
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results to the Tate conjecture for varieties over number fields admitting p-adic 
uniformization. 

Needless to say, there is a very important theory so called the theory of p- 
adic uniformization of Shimura varieties established by Cerednik, Drinfeld for 
Shimura curves, and Rapoport-Zink, Varshavsky in higher dimensions ([c], |Drj . 
|RZ2j . I Vaj ) ■ We expect that Theorem ll.2l has applications to the zeta functions of 
Shimura varieties admitting p-adic uniformization ( |Rap| , |RZlj ). We also expect 
that the results of this paper will establish a special case of the compatibility 
between the global and the local Langlands correspondences ( |Harrj . Problem 1). 

Remark 1.3. After the first version of this paper was written, Ehud de Shalit 
informed that he obtained a p-adic analogue of Conjecture 11.11 for Xp (Theo- 
rem 16. 8|) by a completely different method. His proof relies on a combinatorial 
result of Alon-de Shalit about harmonic cochains on the Bruhat-Tits buildings 
( |AdSj ■ |dSj ) . Wayne Raskind informed that he and Xavier Xarles studied the 
cohomology of varieties with "totally degenerate reduction" ( |RXj ) . Because of a 
special case of the Hodge standard conjecture proved in this paper, p-adically uni- 
formized varieties are examples of varieties with "totally degenerate reduction" 
in the sense of Raskind-Xarles. 
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2. Review of the Hodge standard conjecture 

2.1. Notation and assumptions. In this paper, a variety means a separated 
scheme of finite type over a field which is geometrically reduced. We do not 
assume it is geometrically irreducible. Let F be an algebraically closed field of 
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any characteristic, / a prime number different from the characteristic of F. Let 
X be a projective smooth variety over F of dimension n. Hence X is a disjoint 
union of irreducible varieties of dimension n. Let Z^{X) be the group of algebraic 
cycles on X of codimension k, and cl'^: Z^{X) H?l^{X,Qi{k)) the cycle map 
for Z-adic cohomology. Let Z!^^^{X) C Z^{X) be the subgroup consisting of 
algebraic cycles which are numerically equivalent to zero. It is known that 

N'{X) := Z\X)/Z'^,^{X) 

is a finitely generated free Z-module ( |Klj . Lemma 5-2, see also Lemma IT^ below) . 
Here we put the following assumption on X. 

Assumption 2.1. 

)rankzAr*^/2(X) if IS even 



dimQ,H^,{X,i 



[0 if A; is odd. 



Remark 2.2. Assumption 12. II is independent of / because the /-adic Betti num- 
bers are independent of / (This is a consequence of the Weil conjecture, see, for 
example, |KMj . Corollary 1). 



Lemma 2.3. Under A s sumption \ 2. 11 cl'^ induces an isomorphism: 

N\X) ®2 Qi = Hi{X,Qi{k)). 



Proof. Fix an integer k. Let V C H?^{X,<Qi{k)) be a Qr vector subspace gener- 
ated by the image of the cycle map cl'^. Take elements xi^ . . . ,Xr G Z^(A) such 
that {cl'^(xi), . . . , cl^(xr)} is a basis of V over Q;. Then, it is easy to see that the 
image of the map 

is isomorphic to N"'~^{X), where ■ denotes the intersection product. Hence we 
have the following inequalities: 

rankz N'^'^X) < r < dim^, Hi{X, Qi) = dimQ, Hl:^-^\X, Qz). 

Therefore, Assumption 12.11 implies that the above inequalities are equalities. 
Hence V = H?^{X,Qi{k)) for all k, and all cohomology classes are generated 
by algebraic cycles. In particular, the numerical equivalence coincides with the 
Z-adic homological equivalence. We have a surjective map N^{X) ®z Qi — > 
H?^{X,Qi{k)), between Qr vector spaces of the same dimension, hence it is an 
isomorphism. □ 



Namely, N''{X) defines /-independent Q-structures on the /-adic cohomology of 
X. Similarly, by using the cycle map for crystalline cohomology ( |GMj . |Grj ). it 
is easy to see that N^{X) also defines Q-structures on the crystalline cohomology 
of A. 
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We define 

is even 



H''{X) :-- 



if A; is odd, 



and H*{X) := 0^if^(X). We consider H*{X) virtually as cohomology with 
coefficients in R. The cup product U on H*{X) is induced by the intersection 
product. Most properties of /-adic cohomology such as pullback, Poincare duality, 
Kiinneth formula, etc. are valid for H*{X). If X is irreducible, we have H^{X) = 
H'^"'{X) = M as usual. To avoid confusion, we always put the subscript "et" for 
etale cohomology. 

A Q-divisor (resp. M-divisor) is a formal sum of divisors with coefficients in 
Q (resp. M). A Q-divisor (resp. 'R-divisor) L is called ample if L is of the form 
L = aiLi + ■ ■ ■ + ttrLr with r > 1, ai, . . . , G Q>o (resp. M>o), and Li, . . . , 
ample. If L is an ample Q-divisor, some positive integral multiple of L is an 
ample divisor. But this does not hold for ample R-divisors. 

There is a natural map from the group of R-divisors on X to H'^{X). In this 
paper, we do not usually distinguish an R-divisor, a formal sum of line bundles 
with coefficients in R (i.e. R-line bundle), and its class in H'^{X). We can 
naturally define puUbacks and restrictions for R-divisors. To avoid confusion, for 
an R-divisor H, we sometimes use the notation ff{H) instead of H. For example, 
f*iff{H) (resp. ff{H)\x) denotes the pullback (resp. restriction) as a formal sum 
of line bundles. 



2.2. Hard Lefschetz conjecture. As in ^2.11 let X be a projective smooth 
variety over F of dimension n satisfying Assumption 12.11 and L an ample R- 
divisor on X. By taking cup product with L, we have an R-linear map 

L : H\X) > H''+\X) 

called the Lefschetz operator. 

Conjecture 2.4 (Hard Lefschetz conjecture). For all k, L'^ induces an isomor- 
phism: 



If L is a Q-divisor, Conjecture 12.41 is proved by Deligne in all characteristics 
( |De3j ). If F = C, Conjecture 12.41 holds by transcendental methods ( |Wej ) . The 
general characteristic case follows from this by Lefschetz principle. However, 
in characteristic p > 0, Conjecture 12.41 seems open in general. 

Assume that Con j ect ure 12 . 41 holds for {X, L). For an integer k with < A; < n, 
we define the primitive part P^{X) by 



P^{X) = Ker (L"-'^+i: H''{X) 



WEIGHT-MONODROMY CONJECTURE 7 

We define P^(X) = for A; < or > n. Tfien, by Coniecture \'2A\ we liave tlie 
primitive decomposition: 

(2.1) H\X) = VP^-^\X) = P^'^\X) for all k. 

i>0 i>0 

Let Xi, . . . , Xm be the irreducible components of X. Then we have a natural 
summation map 

m m 
i72n(X) = 0ij2"(Xi) = 0K , K 

1=1 i=l 

(ai,...,am) fli H hflm, 

which we denote by a. For even k with < A; < n, we define the pairing (, )h>'{x) 
on H^[X) by the composite of the following maps: 

Otherwise, we define {,)h''{x) to be the zero pairing. The pairings (, )_H-fc(x) are 
nondegenerate by Coniecture 12.41 and Poincare duality. 

We denote the restriction of (, )h''(x) to P^{X) by (, ) pfc(x)- The decomposition 
()2.1|) is an orthogonal decomposition with respect to {,)h>=(x)- Therefore, each 
())p'=(x) is nondegenerate. Moreover, for all k with < k < n, {,)hI'{x) is 
isomorphic to the alternating sum of (, )pk-2i(^x) for ^ > 0: 

(2.2) (,)h'=(x) = E(-1)^<')^--W H\X)^QP^-'\X). 

j>0 i>0 

Remark 2.5. The primitive decomposition may depend on the choice of L. 
However, the dimensions of P^{X) are independent of L because 

dim„P^(X) = ^im^H\X) - dimj, //""'(X). 

2.3. Hodge standard conjecture. As in ^2.21 let X be a projective smooth 
variety over F of dimension n satisfying Assumption 12.11 and L an ample M- 
divisor on X. Assume further that the hard Lefschetz conjecture (Conjecture 
E3)) holds for (X,L). 

Conjecture 2.6 (Hodge standard conjecture). For all k, the pairing (, )pfc(x) 
positive definite. 

Remark 2.7. Usually, Coniecture 12. 61 is stated for all projective smooth varieties 
X without Assumption 12.11 {Hdg{X) in |Klj ) . It is a part of Grothendieck's 
standard conjectures, and known to hold in the following cases. 

(1) If F = C, it is a consequence of the existence of polarized Hodge structures 
on singular cohomology ([We]). The general characteristic case follows 
by Lefschetz principle. 
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(2) If X is of dimension < 2, it is known as the Hodge index theorem ( |Klj . 
5, jFuj, Example 15.2.4). As a corollary, we can prove the case < 1 by 
taking hyperplane sections. 

Remark 2.8. Note that Conjecture 12.61 is stated for a pair {X, L). It seems that 
Coni ect ure 12 . 61 for (X, L) does not automatically imply Coni ect ure 12 . 61 for (X, L') 
with another choice of L' (see also Corollary 12 . 121 below) . 

Example 2.9. For an ample M-divisor L on P", it is clear that Conjecture 
12.41 holds for (P",L). The only nontrivial primitive cohomology is P^[F"') = 
i70(P") = R and the pairing (, )po(pn) is 

P°(P'^) X pO(P") = R X R 3 {x,y) ^ L"" ■ xy e R = P'2"(P"). 

Since L" is positive, this pairing is positive definite. Hence Conjecture 12.61 holds 
for (P", L) for all ample R-divisors L on P". 

2.4. Signatures. Let notation be as in ^2.31 Firstly, we recall the definition of 
signatures. Let V be a finite dimensional M- vector space with a bilinear symmetric 
perfect pairing (, ). Take a basis {ei, . . . , e^} of ^ and consider the matrix M = 
{rriij) defined by rnij = (cj, ej). By Sylvester's law of inertia, all eigenvalues of M 
are in R, and the number of positive eigenvalues minus the number of negative 
eigenvalues is independent of the choice of {ci, . . . , e,,}. We denote this number 
by sign(V, (, )) and call it the signature of the pairing (, ) on V. 

Proposition 2.10. The Hodge standard conjecture f Conjecture \2. b]) holds for 
(X, L) if and only if 

sigii{H^{X), (, = ^{-^f dimR P^'-^XX) for all k with < k < n. 

i>0 

Remark 2.11. By Remark |2.5( the right hand side of Proposition 12 . lUl does not 
depend on a choice of L. 

Proof. By definition. Conjecture 12.61 is equivalent to the following equality: 
(2.3) dimMP'=(X) = sign(P'=(X), (, )p.(x)) for all k with < A; < n. 
By ()2.2j) . we see that, for all k with < k < n, 

sign{H\X), Uhhx)) = $^(-l)^sign(P'^-2^(X), {,)p.-2.^x)) ■ 

i>0 

Hence fl2.3p implies the conditions in Proposition 12.101 

Conversely, assume the conditions in Proposition 12. lUl We shall prove (j2.3p by 
induction on k. The case = is trivial, since P^{X) = R and L"' is positive. If 
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()2.3|) is proved for k < /cq, the condition of Proposition 12. 101 for k = ko implies 

sign(i/'=«(X),(,)^.o(x)) 

= ^(-l)MimMP'="-'^(X) 

i>0 

= dim^P'^iX) + 5^(-l)*sign(P'=«-2^(X), (,)p.o--(x))- 

i>l 

By (jZl, we have dim^P^'^iX) = sign(P^«(X), (, )p.o(x))- □ 

Since the signature is locally constant on the set of non-degenerate quadratic 
forms over M, we have the following implications about the Hodge standard con- 
jecture (Conjecture I2.6|) for a variety with different choices of ample M-divisors 
on it. 

Corollary 2.12. (1) Let L,L' be ample ^.-divisors on X. If the hard Lef- 
schetz conjecture ( Conjecture \2.J^ holds for {X, tL + {1 — t)L') for all 
t E M. with < t < 1, then the Hodge standard conjecture (Conjecture 
\2. 6|) for {X,L), {X,L') are equivalent to each other. 
(2) In particular, if Conjecture \2.4\ holds for {X, L) for all ample M.-divisors 
L on X, then Conjecture \2. 61 for {X,L) for all ample W-divisors L on X 
are equivalent to each other. 



2.5. Products of varieties. As in ^2.11 let X (resp. Y) be a projective smooth 
variety over F satisfying Assumption 12.11 and Lx (resp. Ly) sua ample M-divisor 
on X (resp. Y). Then, by the Kiinneth formula, we have an isomorphism: 

k 

H^{X X r) ^ H\X) ®K H^~\Y). 

1=0 

Hence X xY also satisfies Assumption 12.11 The condition that Lx,Ly are 
ample is equivalent to the condition that pr^^(Lx) +pr2^(Ly) is ample, where 
pr^^ : X X F ^ X and pr2 : X xY ^Y are projections f |Hartlj . I, |Hart2j . II). 

Proposition 2.13. (1) If the hard Lefschetz conjecture ( Conjecture \2.4\j holds 
for{X,Lx), iY,LY), then it also holds for {X xY, pr*^(Lx)+pr;^(Ly)) . 
(2) Moreover, if the Hodge standard conjecture ( Conjecture \2. 6|) holds for 
(X, Lx), {Y, Ly), then it also holds for (X x F, pr*^(Lx) + pr*^(Ly)) . 

Proof. Here we give a proof by using the representation theory of the Lie algebra 
sl{2) (for details, |De3j . 1.6, Bourbaki Lie, VIII, §1). It is a consequence of 



Conjecture 12.41 that we can construct s/(2)-representations on H*{X), H*{Y) by 
using the Lefschetz operator Lx, Ly- Then, the tensor product H*{X) <^]^H*{Y) 
has a natural s/(2)-action which corresponds to pr^^(Lx) + pr2 ^(Ly). This 
proves the first assertion. The second assertion follows from a basic property 
of certain pairings defined on sZ(2)-representations over R (Bourbaki Lie, VIII, 
§!)• □ 
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Corollary 2.14. // Conjecture \2.4\ (resp. Conjecture \2. 6|) holds for {X,Lx), 
(Y,Ly) for all ample M.-divisors Lx,Ly on X,Y, then it also holds for {X x 
Y, Lxxy) for all ample W-divisors LxxY on X x Y . 

Proof. We may assume that X,Y are connected. Then we have H^{X x Y) = 
H'^{X) © H'^{Y), and all ample M-divisors on X x Y are necessarily of the form 
pr*^(Lx)+pr2^(I/y) in H'^{X xY). Hence the assertion follows from Proposition 



3. COHOMOLOGY OF VARIETIES OBTAINED BY BLOWING-UPS 

In this section, we study the Hodge standard conjecture (Conjecture 12 .61) for 
varieties obtained by blowing-ups. After recalling basic facts about blowing-ups, 
we show that, under certain assumptions. Conjecture 12.61 holds for a blow-up for 
certain choice of an ample R-divisor (for details of the computation, see |S(7A5j . 
VII, [Hart2], II, jFu|, 6.7). We use the same notation as in gTU 

3.1. Setup. Let X be a projective smooth irreducible variety over F of dimension 
n, and Yi, . . . ,Yr C X mutually disjoint smooth closed irreducible subvarieties 
of codimension d > 2. Let i: Y = Y[i:=i Y^. ^ X he the closed immersion. Let 
f : X' —>■ X he the blow-up of X along Y, Y' C X' the strict transform of Y, 
and j : Y' ^ X', g: Y' ^ Y natural morphisms. Assume that X,Yi, . . . ,Yr 
satisfy Assumption 12.11 in ^2.11 Then, it is easy to see that X', Y' also satisfy 
Assumption 12.11 in ^2.11 This can be checked from the computations in ^3.21 of 
the cohomology of X' and Y'. 

We have the following cartesian diagram: 

Y' X' 



Y — ^ X 

Since y is a disjoint union of mutually disjoint smooth closed irreducible subvari- 
eties of codimension d, g: Y' ^ Y has a structure of P'^~^-bundle. More precisely, 
Y' = F{Ny/x), where Ny/x is the conormal bundle of Y in X. Let 

e = ci(^y,(l)) G H\Y') 

he the first Chern class of ^y'(l) of the P'^^^-bundle g: Y' —>-Y. The restriction 
of the line bundle ffx'{Y') to Y' itself is isomorphic to ^y/(— 1). 

We define a vector bundle F of rank d — 1 on Y' hj the kernel of a natural 
map g*{NY/x) ^Y'iX)- Then we have the following exact sequence of vector 
bundles on Y': 



> F > g*{NY/x) ^ ^y'(l) ^ 0. 
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3.2. Cohomology of X' and Y' . For all /c, we have the following exact sequence 
of cohomology groups ( |SGA5j . VII, 8.5): 

(3.1) > H^-^\Y) H^-\Y')®H\X) H\X') > 0, 

where A and /i are defined as follows: 

Ky) = (/(z/)Uc,_i(F), -i,{y)), fi{y,x)=Uy) + r{x). 

Note that F is the dual vector bundle of F and q_i(F) G if^'^~^(F') is the 
{d - l)-th Chern class of F. Define A': H^-^{Y') © H''{X) H^-'^'^{Y) by 
\'{y,x) = g^iy), then we have 

A' o \{y) = g.{g*{y) U Q-i(F)) = y U (7.(q_i(F)) = y 

since ^.(q_i(F)) = (-1)'^- V (q-i(F)) = ^^^l^"""') = 1 {WM. VII, 8.4.2). 
Therefore, we have the following isomorphism of cohomology groups: 

(3.2) H^{X') ^ Ker {g, : H^-^{Y') ^ H^-^^{Y)) ® H^{X) 

We shall compute the right hand side explicitly. For an integer m with < 
m < d — 1, the map H''~'^™'{Y) — > H^{Y'), y ^ g*{y) U ^"^ is injective because 

g*{i9*{y) u r) u e'-'-™) = y u ^?.(e'^-i) = y. 

Let }jk-'^^{Y)^™- c H^{Y') be the image of this map. For simplicity, we some- 
times write instead of g*{y) U Note that g^: H^iY') iffc-2(d-i)(y) 
satisfies 

g.{an = aUg.{n = [l ^^7^=.^"^ 

I otherwise. 

On the other hand, we have an isomorphism ( |S(TA5j . VII, 2.2.6): 

d-l 



m=Q 



= H^{Y) ® H^-'^{Y)i © ■ • ■ © fffe-2(d-i)(y)^d-i. 

Therefore, by ()3.2j) . we have the following explicit description of the cohomology 
groups of X': 

(3.3) H^{X') = H^-^{Y) © H'^-^iY)^ © ■ ■ ■ © iffc-2-2(d-2)(y)^d-2 ^fe(x). 

The following property of the cohomology of X' will be used later. 

Proposition 3.1. Let x' G H^{X') he a cohomology class on X' whose restriction 
to Y' is zero. Then x' is of the form x' = f*{x) for a unique x G H^{X). 

Proof. The uniqueness is clear because /*(x') = f*{f*ix)) = x. For the existence, 
we write x' of the form x' = xo + xi^ -\ — ■ + Xd-2 ■C'^"^ + x via ()3.3|) . This means 
that there is a relation 



X 



J* (Xo + Xi e + ■ ■ ■ + Xd-2 e'^"') + /* 
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It is enough to show xq = Xi = ■ ■ ■ = Xd-2 = 0. Since the restriction of &x'0^') 
to Y' is isomorphic ^y/(— 1), we have = Therefore, 

f{x) = 3*3* {x, + x^i + --- + Xd-2 e'"') + j7* {x) 

= -Xoi-Xie Xd-2 i^-^ + g*l\x). 

On the other hand, j*{x') = by assumption. Since H*{Y') is a free H*{Y)- 
module with basis 1, ^, . . . , we have Xq = Xi = ■ ■ ■ = Xd-2 = i*{x) = 0. □ 



3.3. Multiplicative structure of H*{X'). The multiplicative structure of H*{X') 
can be computed as follows. Define V'^(X') by 

V\X') = H^-^{Y')®H^{X) 

and U': V^{X') x V™(X') ^ V'=+'"(X') by 

(y;,a;i)U'(i/^,a;2) = ( - U U ^ + U /z*(a;2) + (-l)'^™y2 U (^^(xi), xiUa;2). 
Then the following diagram is commutative f |SGA5j . Vll, 8.6.3): 

V^(X') X ^"(X') H^{X') X //"(X') 

u' 

where U denotes the cup product on H*{X'). Since the horizontal maps fi,fiXfj 
are surjective, we can compute the multiplicative structure of H*{X') in terms 
of the multiplicative structure of V*(X') := 0;. V''(X'). 

Recall that the multiplicative structure of H*(Y') is computed by Chern classes 
( jSGASj . VII, 3). Namely, we have the following isomorphism of iJ*(y)-algebras 

H*{Y') = H*{Y)[T]/{T^ + c^{Ny,x) T'-' + C2{Ny/x) T""' + ■ ■ ■ + c,(iVy/x)). 

which sends ^ to T. 

There is another relation on H*{X') coming from the exact sequence ()3.1|) . 
Namely, the image of ly G by A, 

A(ly) = G H^'-^Y') ® H^^X) , 

maps to in if^^(X'). By definition, z*(ly) G H'^'^{X) is nothing but the cohomol- 
ogy class of Y. We denote it by [Y]. Since the coefficient of in the expression 
of Crf_i(F) is 1 (iSGXSl, VII, 8.4.2), we can replace ^^-^ by (^^"^ -Cd_i(F), [F]). 

In conclusion, we can compute the cup product on H*{X') in terms of the co- 
homology groups H*{X), H*(Y), the Chern classes of Ny/x, and the cohomology 
class [Y] G H^'^iX). 
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3.4. Ample divisors on X'. 

Proposition 3.2. Let notation be as in H3.ll Let L be an ample M.-divisor on 
X . There exists a G ]R>o such that, for all e G M, the M.- divisor L' on X' of the 
form 

L' = f*ff{L)-eY' 
is ample if and only if < e < a. 

Proof. We use the following basic facts. Although some results quoted below are 
only stated for usual ample divisors in the literature (for example, see [Hartlj . 
jHart2j), it is easy to prove them for ample M-divisors. 

(1) Take an effective curve C on X' which passes through a point of Y' and 
intersects with Y' transversally. By the Nakai-Moishezon criterion of am- 
pleness fjlfartT]. I, §5), we have {f*^{L)-eY')-C> 0. Since Y'-C >0, 
e can not be arbitrary large. 

(2) If f*ff{L) — eY' is ample, then e > 0. To see this, take an effective curve 
C contained in a fiber of g: Y' ^Y. Since f*ff{L) - C = L- f^C = and 
y • C < 0, we have e > by the Nakai-Moishezon criterion of ampleness. 

(3) We see that f*ff{L) — eY' is ample for sufficiently small e G ffi>o, because 
the restriction of iy'x'{—Y') to Y' is isomorphic to ^y'(l) f [Hart2j . II, 
7.10). 

(4) The set J = {e G M I f*^{L) — eY' is ample} is an interval, because if 
D,D' are ample R-divisors, then tD + {1 — t)D' are also ample for all 
t G M with < t < 1. 

(5) Moreover, I is an open interval because, for a M-divisor D and an ample 
M-divisor D' , tD + (1 — t)D' is ample for sufficiently small t G M>o. 

By combining above facts, we conclude that / = {£G]R|0<e<a}for some 
a G M>o. □ 

Remark 3.3. Since all M-divisors L' on X' can be written as L' = f* f^ff{L')—eY' 
for some £ G M, Proposition 13.21 determines the set of all ample M-divisors on X' 
in some sense. However, in practice, it seems difficult to compute the upper 
bound a in Proposition 13.21 explicitly. 

3.5. Hodge standard conjecture for X' . 

Proposition 3.4. Let notation be as in ^J. il (Recall that X,Y, X' ,Y' satisfy 
A s sumption \ 2. 1\ in H2.1]) . Let L be an ample M.-divisor on X . Assume that the 
hard Lefschetz conjecture ( Conjecture \2.J^ and the Hodge standard conjecture 
( Conjecture \2. 6|) hold for (A, L) and (F, ^(L)|y), where ^{L)\y denotes the 
restriction of <ff{L) to Y which is also ample. Then, there exists (3 G M>o such 
that, for all e with < e < (3, the R- divisor L' on X' of the form 

L' = f*ff{L)-eY' 

is an ample M.-divisor on X' for which Conjecture\2.J\ and Coniecture \2.6\ hold. 
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Proof. First of all, by the isomorphism ()3.3|) . we observe that H*{X') is isomor- 
phic to H*{Y X H*{X) as an M-f ector space, although the multiplicative 
structures are different. Nevertheless, if we choose appropriate bases of H*{X') 
and H*{Y x P'^-^-j H*{X), and take the limit e — > 0, the matrices representing 
the action of the Lefschetz operator and the cup product pairings on H*{X') 
converge to those on H*{Y x P'^^^) ^ H*{X). 

Let us make the above observation precise. Let {x^} (resp. {ys}) be the basis 
of H*{X) (resp. H*{Y)) which is independent of e. For e G IR>o, we see that 
|^-(d-2)/2+fc y^^kj -g ^ ^.dependent basis of H*{Y)^'' for < k < d-2. By (Q, 
we have the following isomorphism: 

H*{X') ^ H*{Y) © iJ*(F)^ © ■ ■ ■ © H*{Y)^'^-^ © if*(X). 

such that the following set 

(3.4) u {s-^'-''>/'+'ys^} U ■ ■ • U ^^^d-2| u i^^i 
is a basis of H*{X'). By using the basis ()3.4|) . we have an isomorphism 

(3.5) i7^(X') = i/'^-^^y X ^fc^^^ 

as an M-vector space which sends 5-('^-2)/2+m ci ((^pd~2(l))'". The reason 

we multiply ^'^ by £:-('^-2)/2+fc (j3,4p jg as follows. If we take the cup product 
of two elements in ()3.4|) . the coefficient of the top degree term ^"^"^ is a constant 
function in e. If C,'^ for k > d — 2 appears in the cup product, we can replace 
^^-1 by {^"^-^ - Cd-i{F), [Y]) in H*{X') (see ESI)- However, since the order of 
e in the coefficient of ^'^"^ is one, this term vanishes if we take the limit e 0. 
Therefore, by using the basis ()3.4j) . we can consider the asymptotic behavior of 
the Lefschetz operator and the cup product pairings on H*{X') as e — > 0. 

We put H^{X') := H^-^{Y x P^-^) ^ h''{X) and define the map 

(3.6) L: H\X') ^ H''+\X') 

as follows. Let pr^ : Y x P'^"^ Y, prg : Y x P'*"^ P''^^ be projections. Then 

= pr*(^(L)|y) +pr;^pd-2(l) 

is an ample R-divisor on F x P"'"^. We define the map L as a direct sum of 
the Lefschetz operators Lyxpd-2 and L. By Example 12.91 Proposition 12.131 the 
hard Lefschetz conjecture (Conjecture 12. 4p and the Hodge standard conjecture 
f Conjecture 12. 6|) hold for (Y x P'^"^, Lyxpd-2). Therefore, we see that L'' induces 
the following isomorphism: 

Ik. ^n-fc(x') H''+^{X'). 

Namely, L satisfies an analogue of the hard Lefschetz conjecture f Conjecture 12. 4|) . 
Moreover, an analogue of the Hodge standard conjecture (Conjecture 12. 6|) holds 
for L in the following sense. Let P^{X') be the kernel of L""''^^ on H^{X'), 



WEIGHT-MONODROMY CONJECTURE 15 

which is isomorphic to p''-^(Y x P'^^^^ ^ P^[X). Then the following pairing on 

P\X') X P^X') — > H^'^iX') = R, (a, b) ^ (-l)'^/^ In-k ^ q ^ 

is positive definite, where U is a difference of the cup products on H*{Y x P'^^^^ 
and H*{X) defined as follows: 

U: H*{X')xH*{X') 3 {{yo,xo), {yi,xi)) ^ -yo U yi + xq U x^. 

Note that the minus sign is inevitable for the Hodge standard conjecture (Conjec- 
ture ESj) because, for {y, x) G P^(X'), the degree of y is smaller than the degree 
of X by 2. 

Therefore, to prove Proposition \'AA\ it is enough to prove the following lemma. 

Lemma 3.5. // we take the limit e ^ 0, the matrices representing the action of 
L' = f*ff{L) — sY' with respect to the basis converge to the matrices repre- 
senting L via 4,'?. ,5]) . Similarly, for all k, the matrices representing the cup product 
pairing between H'^{X') and if^"~'^(X') converge to the matrices representing the 
pairing U between H^{X') and H'^^~^{X'). 

We shall compute the action of L' = f*ff{L) - eY'. Since [Y'] = j.ily) e 
H'^{X'), we compute the cup product 

(3.7) {f*ff{L)~eUly,)) U {f*{x)+My)) 

for xeH^{X), ye H^''^{Y') with g^{y) = (see (Q). Since ^ is equal to 

r ^(L) u r (x) + r ^(L) u uv) - ^M^y) u f*{x) - sMiy,) u uv), 

we consider these four terms separately. Firstly, since the pullback preserves the 
cup product, we have /*^(L) U /*(x) = f*{^{L) U x) = /*(L U x). Secondly, we 
haver^(L)Uj;(|/) = j,(j*r^(^)Uy) = j,{g*i* i^{L)VJy) = j,{g*{ff{L)\y)VJy) 
because foj = iog. Similarly, we have — £j*(ly/)U/*(x) = — ej,,(ly/Uj*/*(x)) = 
—ej^,(^g*{x\Y))- Finally, by the self-intersection formula j*j*(ly') = — ^, we have 
— e:j*(ly/) Uj^{y) = — (j*j*(ly') Uy) = j^:{e^Uy). Therefore, we conclude that 
()3.7|1 is equal to 

r (L U x) + J, (((7*(^(L)|y) + e^) U y) - £j*((?*(x|y)). 

It is clear that the first term f*{L U x) corresponds to the action of L on H*{X) 
via (j3.5|) . The second term j^, (((7*(^(L)|y) + e^) Uy) almost corresponds to the 
action of Lyxpd-2 on H*{Y x P^-^) via The only difference is that ^"^"^ 

may appear in the cup product ((?*(^(L)|y) +e^)Uy. Since the order of e in the 
coefficient of ^'^"^ is higher than others, if we replace ^'^^^ by [^'^~^—Cd-i{F), [Y\j , 
this contribution vanishes if we take the limit e ^ 0. The contribution from the 
third term — £^J* (5'*(x|y)) vanishes if we take the limit e — > 0. Hence the first 
assertion of Lemma 13.51 is proved. 
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Finally, we shall compute the cup product pairing on H*[X'). According to 
(j3.2p . we compute the cup product 

(3.8) {nxo)+Uyo)) U (r(xi) + 

for xo G H''{X), yo G H^^-^Y'), x, G H^^-\X), G H^r^-k-2^Y') with g,.{y^) = 
0, g,{y^) = 0. Since dSIHD is in H'^''{X') = R, and : //^"(x') ^ iJ^n^j^) jg 
isomorphism, it is enough to compute 

f*{{nxo)+Myo)) u (r(xi) + j.(yi))) = /*(rM u nx,)) 

+ Mn^o)^Uyi)) + MUyo) u r(xi)) + /*(j;(yo) u 

For the first term, we have /*(/*(a;o)U/*(xi)) = /* [f*{xoUxi)) = xqUxi since the 
puUback preserves the cup product and f*of* = id. For the second term, we have 
f*{f *ixo) U = xo U = U u{g4yi)) = because f oj = io g 

and g*{yi) = 0. Similarly, the third term f*{j*{yo) U /*(xi)) is zero because 
g*{yo) = 0- For the last term, by the self-intersection formula j*j*(?/o) = — ^ U yo, 

we have (j*(yo) U = /* (j* (j*j*(l/o) U yi)) = (s-*!-^ U U yi)) . Since 

= 1 and g*{^"^) = for < m < c/ - 2, if we take the limit e ^ 0, the 
matrix representing the pairing 

H'~\Y') X H'-~''\Y') 3 iyo,yi) ^ t.{g.{-^ U U yi)) G if2"(X) = R 

with respect to the basis ()3.4|) converges to the minus of the matrix representing 
the cup product pairing 

via ()3.5p . Therefore, the second assertion of Lemma [3 .51 is proved. Now the proof 
of Proposition 13.41 is complete. □ 

Corollary 3.6. Let notation and assumptions be as in Proposition \3.4\ 

(1) // the hard Lefschetz conjecture ( Conjecture \2.4}) holds for {X', L') for all 
ample R-divisors V on X' of the form L' = f*ff{L) —sY' {e G M>o)? then 
the Hodge standard conjecture ( Conjecture \2.(^) holds for (X', L') for all 
ample W-divisors V on X' of the form V = f*ff{L) — eY' . 

(2) In particular, if the hard Lefschetz conjecture ( Conjecture \2.4^ holds for 
{X' , L') for all ample W-divisors L' on X' , then the Hodge standard con- 
jecture ( Conjecture \2. 6|) holds for {X',L') for all ample R-divisors L' on 
X'. 

Proof. By Corollarv 12.121 the assertion easily follows from Proposition 13.41 □ 

Remark 3.7. Our proof of Proposition 13.41 is based on a consideration of the 
asymptotic behavior of the cup product pairing as £ ^ 0. Therefore, by our 
method, we can not prove whether we can take (3 = a. In other words, we can 
not prove the Hodge standard conjecture (Conjecture 12. 6|1 for a// ample M-divisors 
L' on X' of the form L' = f*ff{L) - eY'. 
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4. Some blowing-ups of projective spaces 

In this section, we consider a projective smooth variety 5"" of dimension n over 
Fg which is obtained by successive blowing-ups of P| along linear subvarieties. 

All varieties appearing in this section are defined over ¥q and satisfy Assumption 
12. II in ^2.1[ Hence, for simplicity, we omit the subscript "F^" and denote P| by 
P", etc. This does not cause any confusion. We use the same notation as in ^2.11 

4.1. Construction of B". Let n > 1 be an integer. We have a natural map 
A'^+^yjO} P". A subvariety C P" is called a linear subvariety if Lp~^{V) U 

{0} C A"+^ is a linear subspace. Let Gr£;(P") be the Grassmann variety of linear 
subvarieties of dimension d in P". Let Gr,.(P") be the disjoint union of Gidi^^) 
for all d. Grrf(P")(Fq) is the set of linear subvarieties of dimension d in P" defined 
over ¥q. 

We construct a birational map / : i?" P" as follows. Firstly, we put Yq := P". 
Then, let Yi be the blow-up of Iq along the disjoint union of all F^-rational points 
on P". Let Y2 be the blow-up of Yi along disjoint union of all strict transforms 
of lines in P". Similarly, we construct projective smooth varieties Yq, . . . , 
inductively as follows. Assume that Yk was already constructed. Let Zk C Y^ 
be the union of all strict transforms of linear subvarieties of dimension k in P" 
defined over ¥g. These are disjoint because all intersections of them were already 
blown- up. Let gk'. l^+i Yk be the blow-up of Yk along Zk- Finally, we put 
j^n ._ Y^_i and f '■= Qo o ■ ■ ■ o gn-2 '■ P"- We have the following sequence 

of blowing-ups. 

5" = Y^_2 ■ ■ ■ Fi Fo = P" 

Note that there is a natural action of PGL,„_|_i(Fq) on P", and the above con- 
struction is equivariant with respect to PGL„+i(Fq)-action. Hence we have a 
natural action of PGLn+i(Fq) on 5". 

4.2. Divisors on 5". For V E Grjt(P")(Fq), we define a smooth irreducible 
divisor Dy on 5" as follows. If A; = n — 1, let Dy C B^ be the strict transform 
of V. If k < n — 1, the strict transform C 1^ of is a connected component of 
Zk. Therefore, gk\V) C Yk+i is a P""'^~i-bundle over V. Let Dy C 5" be the 
strict transform of g'i^^{V). 

By construction, (|3.3|) and induction, an M-divisor D on B" is written uniquely 

as 

D = rff{H)+ J] ayDy in H\B^), 

yGGrfc(P")(F,), 
0<k<n-2 
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where H is an M-divisor on P", and ay G M. We also see that, all M-divisors D' 
on 5" is written as 

D' = a'yDv {a'y G R) in H^{B''). 

yGGr.(P")(F,) 

Note that this second expression is not unique. 

For 0<A;<n — 1, we define a divisor Dk on 5" by 

Dk := Yl 

By construction, we see that the support of is a disjoint union of smooth 
divisors on B". 

In this section, we use the following terminology for M-divisors on 5". 
Definition 4.1. Let D be an M-divisor on 5". 

(1) is called positive if D can be written as 

D= J2 ""y^y ^ ^>o) in 1/2^5"). 

yeGr,(P")(F,) 

(2) D is called PGL„+i(Fj-«nwanantif the class of D in H'^{B'') is PGL„+i(Fg)- 
invariant. 

It is easy to see that D is PGL„_|_i(F^)-invariant if and only if D can be written 
sls D = f*ff{H) + ^fc=o fefc-Dfc in H'^[B^) for some if , 6^ (for a similar criterion 
of positive divisors, see Proposition I4.4p . 

4.3. Intersections of divisors Dy on B". Here we study the combinatorial 
structure of intersections of divisors Dy on 5" (see also |Musj . proof of Theorem 
4.1, I). 

Proposition 4.2. (1) For V,W e Gr,(P")(Fj, Dy n Dw ^ tf and only if 
V orW ^V. 

(2) For V G Grrf(P")(Fg), we have a noncanonical isomorphism 

Dv = B'^x B''-'^-\ 

where B'^ (resp. B"'^'^^^) is a variety constructed by successive blowing- 
ups ofF'^ (resp. ^"■^'^^'^j by the same way as B^. 

(3) Let X & V be a point which does not lie in any linear subvariety defined 
over¥q strictly contained in V. Let V gY^ be the strict transform ofV. 
Then gd- dd^i^) V is a trivial F"'^'^^^ -bundle. Moreover, V is isomor- 
phic to B'^, and an isomorphism Dy = B'^ x B"'~'^~^ as in 2. is induced 
from a choice of x E V and a trivialization gd^iV) = V x P(iVy/pn .j,), 
where Ny/v^,x is the fiber at x of the conormal bundle Ny/^n. 
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(4) ForW G Gr*(P")(Fg) strictly contained in V, Dw intersects transversally 
with Dy, and the intersection Dw fi Dy is of the form 

DwnDv = Dw ^ ^n-d-i 

where Dy/ is a divisor on B'^ corresponding to the inclusion W = '^'^. 

(5) ForW G Gr*(P")(Fg) strictly containing V, Dw' intersects transversally 
with Dy, and the intersection Dw' H Dy is of the form 

Dw' nDy = B'^ X Dw' on Dy, 

where Dy/i is a divisor on B"-^'^^^ corresponding to the inclusion F{Ny/y/i^x) 

P(iVy/p",.) = 

Proof. Firstly, we shall prove the first assertion, li V G W or W G V , it is clear 
that DyHDw ^ 0. Assume that l^flH^ is strictly smaller than V, W. Then, after 
blowing-up along the strict transform of ^ H in the construction of 5", the 
strict transforms of V and W become disjoint. Therefore, Dy does not intersect 
with Dw- 

Recall that, for a vector bundle E of rank k over a smooth variety X, F{E) 
is a trivial P'^" ^-bundle if and only ii E ^ is a. trivial vector bundle for 
a line bundle ^ over X f |Hart2j . II, Exercise 7.10). We call such E a twist 
of a trivial vector bundle over X. For V G Grd(P")(Fq), the normal bundle 
Ny/pn = ^y(l)®"~'^ is a twist of a trivial vector bundle over V. Hence the 
normal bundle A^y/y^ is also a twist of a trivial vector bundle over Yd, where 

C is the strict transform of V (|Pu,, B.6.10). Therefore, g^^iV) is a trivial 
F"-'^~i-bundle over V. 

Here V is isomorphic to B'^. This follows from the fact that, for a sequence of 
regular embeddings Z "—>■ Y ^ X , the strict transform of Y in the blow-up of X 
along Z is isomorphic to the blow-up of Y along Z ([FuJ, B.6.9). 

We fix a point x E V which does not lie in any linear subvariety defined 
over Fq strictly contained in V, and a trivialization g'^^iV) = V x P(iV'y/pn ,^.), 
where iVy/pn a, denotes the fiber at x of the co normal bundle iVy/pn. For W G 
Gr^,(P"')(Fg) strictly containing V, a natural inclusion C C P" induces 
Ny/w C A^y/pn and hence P(iV'y/iy) C P(iV'y/pn). Thus, ¥{Ny/w,x) is a linear 
subvariety of P(iVy/pn^2:)- From this, we see that the blowing-up of g^^iV) along 
the strict transform of a linear subvariety strictly containing V corresponds to the 
blowing-up along the strict transform of a linear subvariety of the second factor 
P(iVy/pn3,) of gd^{V) = V X P(iV'y/pn .J,). Therefore, we have an isomorphism 
Dy = B'^ X B'^~'^~^. The remaining assertions follow from the construction of 
this isomorphism. □ 

Corollary 4.3. Let H be an R-divisor on P", V G Grd(P")(Fg), and f : B"" ^ 
a natural map as in §^.i[ Fix an isomorphism Dy = B'^ x B"'~'^~^ as in 
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Proposition \4-^ Let pr^^ : Dy —>■ B'^ be the projection to the first factor. Let 
/': = V be a map defined similarly as f. Then we have 

{rm))\n, = pri{r{m)\v)) H\Dy). 

Proof. This follows from the construction of an isomorphism Dy = B"^ x iJ^-'^-i 
in Proposition 14.21 □ 

4.4. PGL„_|_i(Fg)-invariant R-divisors on B^. 
Proposition 4.4. (1) For V G Gr„_i(P")(Fg), we have 

H/GGr.(P"){F,), 
WCV 

(2) For an R-divisor H on P", f*ff{H) is PGL„+i(F<^) -mwarmnt. 

(3) Let D be a VGhn+iiW q) -invariant R-divisor on B'^ which is written as 

n-l 

D = af*ff^n{l) + Y,cidDa (a,a, gM) m H^B'^). 

d=0 

Then, D is positive if and only if a > and 

aa + a—, — , \,^^' > for all 0<d<n-l. 

(4) LetD be aPGK+i{Wg)-%nvanantR-div%sor on B"" . TakeV e Grrf(P™)(Fg), 
and fix an isomorphism Dy = B'^ x B"^^^^ as in Proposition \4-^ Let 
pr^ : Dy B'^, pr2: Dy — > B"'~'^~^ be projections. Then, there exist a 
PGLd+i{¥g) -invariant R-divisor D' on B'^ and a PGLn~d{^q) -invariant 
R-divisor D" on B^~'^~^ such that 

ff{D)\D^=^il^{D')+wl^{D") m H\Dy). 

Proof. The first assertion follows from the fact that the multiplicity of V along 
W G Gr,(P")(Fg) with C 1^ is equal to 1. 

The second assertion is obvious because PGL„+i(Fq) acts trivially on if^(P"') 
and /* is PGL„+i(Fg)-equivariant. 

We shall compute f*^{H) explicitly. Since i7^(P") is generated by the class of 
^pn(l), we write H = a ^pn(l) in H^{r) for some a G M. Since |Gr„_i(P'^)(Fg)| = 
|P''(Fq)|, and, for each W G Grd(P")(Fg), there exist \r-'^-\¥g)\ elements in 
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Gr„_i(P")(Fg) containing W, we have the following equality in H'^[B'^): 



VeGr„_i(P"){F,) ^ Vl/6Gr.(P")(F,), 
WdV 



n — 1 

a 



^|P"-^-i(F,)|D,. 



Of course, from this expression, we can check that f*ff{H) is PGL„+i(Fq)- 
invariant. 

The third assertion easily follows from the above computation because 



Finally, we shall prove the last assertion. To avoid self-intersection, we write 
D in the following form 

L) = a/*^pn(l) + akDk (a, e M) in H^B""). 

0<fc<n-l, k^d 

It is enough to treat the case D = a/*^pn(l) and D = [k ^ d) separately. 
The case D = a f*fff>n{l) follows from Corollarv 14.31 and the second assertion. 
The case D = {k ^ d) follows from Proposition 14.21 □ 

4.5. Ample PGLn+i(Fq)-invariant M-divisors on B". Here we study ample 
PGL„+i(Fq)-invariant M-divisors on B^. First of all, we note that there exists 
at least one ample PGL„+i(Fq)-invariant R-divisor on S". It follows from the 
construction of -B" in ^4. II and Proposition 13.21 

Proposition 4.5. Let D he an ample VGljn+ii^q) -invariant W-divisor on S". 
Then, D is positive (see Definition \4.1\ ). 

Proof. We prove the assertion by induction on n. The case n = 1 is obvious. 
Assume that Proposition 14.51 was already proved in dimension < n. 

Let D be written uniquely as 



n-2 



D = a/*^p„(l) + ^arfD, (a,a, gM) in H\B''). 



d=0 



By Proposition 14. 4[ D is positive if and only if a > and 

+ |p„(^)| >0 forall 0<d<n-2. 



22 TETSUSHI ITO 



Fix V e Gr„_i(P")(Fg). By Proposition Ol Dy is isomorphic to 5"-^. We 
consider the restriction of iff{D) to Dy. Let f : Dy = 5""^ P""^ be a map 
defined similarly as /. Then, by Proposition 14.21 and Corollary 14. H[ we have 



n-2 



^(Z})|d^ =«r^pn-i(l) + ^a,D:, in H\B 



where D'^ is a divisor on Dy = 5" defined similarly as Dd on S". 

By induction, ff{D)\£)^ is positive. Therefore, by Proposition 14.41 we have 
a > and 

|pn-d-2/|p \\ 

ad + a ^ f;' > for all 0<d<n-2. 

Therefore, it is enough to show the following inequality 



|P"(F,)| |P"-nF,)| ■ 

Since |P''(Fg)| = the above inequality is equivalent to 



„n—d „n— cZ— 1 

> 



gn+1 _ ;L - 1 

,^ q2n—d q"'^'^ -|- 1 > g^"""^ ^"^^ gTi—d—l _|_ 

^ g"(g- 1) > g""'^"^(g- 1). 
Hence we prove Proposition 14.51 □ 



4.6. Hodge standard conjecture for with ample PGL„+i(Fg)-invariant 
M-divisors. 

Lemma 4.6. For < k < n — 1 and a G H^{B^), if the restriction of a to Dy 
IS zero for all V G Gr,(P")(Fg), then a = 0. 

Proof. By applying Proposition 13.11 successively, we see that a is of the form 
a = f*a' for some a' E iJ^(P"). For V E Gr„_i(P")(Fg), the restriction of a' 
to V is zero because the restriction of a to Dy is zero. Since restriction map 
if^(P") — > H'^{V) is an isomorphism, we conclude that a = 0. □ 

The following proposition is the main result of this section. 

Proposition 4.7. Let D be an ample PGLn+i{¥q) -invariant W-divisor on B^. 
Then the hard Lefschetz conjecture ( Conjecture \2.4^ and the Hodge standard con- 
jecture ( Conjecture \2. 6]) hold for (B^'jD). 
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Proof. We prove the assertion by induction on n. The case n = 1 is obvious. 
Assume that Proposition 14. 71 was aheady proved in dimension < n. 

By the construction of i?" in ^4. II and Proposition 13.41 we see that there exists 
at least one ample PGL„+i(Fg)-invariant M-divisor on i?" for which Proposition 
14.71 holds. If D, D' are ample PGL„+i(Fg)-invariant M-divisors on B^, then tD + 
(1 — t)D' is also an ample PGL„4.i(Fq)-invariant M-divisor on B"' for t G M 
with < t < 1. Therefore, by Corollarv 12.121 it is enough to show that the hard 
Lefschetz conjecture fConiecture l2.4p holds for (5", D) for all ample PGL„+i(Fq)- 
invariant R-divisors D on 5". 

Assume that there exists an ample PGL„,_|_i(Fg)-invariant M-divisor L on B^ 
and a nonzero cohomology class a G H^{B'^) for < A; < n — 1 such that 



For < < 72 — 1, take V G Gr(i(P")(Fg) and fix an isomorphism Dy = 
X Qn~d-i Proposition lO Let pr^: Dy B'^, prs : Dy S"-'^-^ be 

projections. Then, by Proposition 14.41 the restriction ff{L)\o^ can be written as 



where D' (resp. D") is an ample PGL(i_|_i(Fg)-invariant (resp. PGL„_(i(Fq)- 
invariant) M-divisor on B'^ (resp. B'"^'^^^). Therefore, by induction hypothesis 
and Proposition 12.131 the hard Lefschetz conjecture (Conjecture 12. 4p and the 
Hodge standard conjecture f Conjecture 12. 6p hold for [Dy, i^{L)\Dy). 

By restricting L"-^'' U a = to Dy, we have (^(L)|£)^)" ^ U (al/?^) =0. Since 
dim Dy = n — 1, this implies a\Dv G H^{Dy) is in the primitive part P^{Dy). 
Therefore, by the Hodge standard conjecture fConiecture l2.6j) for {^Dy, ^(L)!/)^), 



L 



U a = 0. 



&{L)\r>,=wl&{D')+wl&{D") 



in H\Dy) 



we have 



{-If' ■ (^(L)b,)"-'-' U {a\o,) U (abJ > 



and the equality holds if and only if a\oy = 0. 



By Proposition 14.51 L can be written as 




yGGr*(P")(Fg) 



Therefore, we have 



(_l)fc/2 . y a U a 

ayDyU{{-lf'''-V'-^-^UaUa) 



yeGr,(P")(Fq) 



= E «v((-l)'/' ■ {ff{L)\o,T-'-' U {a\n,) U (abj) 



yGGr.(P")(Fg) 



= 
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because L""'^ U a = 0. Since ay > for all V G Gr,(P")(F,), we have a\Dy = 
for all V G Gr*(P")(Fq). By Lemma (4.61 we have a = 0. This is a contradiction. 
Hence the proof of Proposition 14.71 is complete. □ 

Remark 4.8. Mustafin, Kurihara showed that B'^ is isomorphic to all irreducible 
components of the special fiber of the formal scheme model over Spf ffx of 

the Drinfeld upper half space fi^ of dimension d (for details, see ^ see also 
|Musj ■ |Kuj ). Moreover, they also showed that 

d-i 

D = -{d+ i)r ^p.(i) + ^(rf - k)Dk 

is an ample divisor on B"^, and D coincides with the restriction of the "relative 
dualizing sheaf" u^d^ i^.^ to an irreducible component of the special fiber. These 

facts are crucial in our application to p-adic uniformization in ^ 

Remark 4.9. In our proof of Proposition 14.51 we heavily use the assumption 
that D is PGL„+i(Fg)-invariant. Therefore, our proof does not work for ample 
non-PGL„+i(F5)-invariant M-divisors on 5". It is easy to see that if all ample 
M-divisors on i?" are positive, then Proposition 14. 71 holds for them. However, the 
author does not even know whether it is natural to expect this. He has neither 
evidence nor counter-example for ample non-PGL„_(_i(Fg)-invariant M-divisors. 



5. Review of the weight spectral sequence of Rapoport-Zink 



In this section, we recall the definitions and basic properties of monodromy 
filtration, weight filtration, and the weight spectral sequence of Rapoport-Zink. 
Since we work over a local field in this section, we slightly change the notation. 
As in let be a complete discrete valuation field with finite residue field Fg 
of characteristic p > 0, / be a prime number different from p. Let X be a proper 
smooth variety of dimension n over and V := Q;). 



5.1. Monodromy filtration. Let Ik be the inertia group of which is a 
subgroup of Ga\{K / K) defined by the exact sequence: 

1 > Ik > Gai{K/K) > Gal(Fg/Fg) > 1. 

Gal(Fg/Fq) acts on Ik by conjugation {r: a ^ rar^^, r G Gal(Fg/Fg), cr G Ik)- 
The pro-/-part of Ik is isomorphic to as a Gal(Fg/Fg)-module by 

/cT(7ri/''")\ 

: //< 9 O- t-^ 1^— J G lim/X;m = Z;(l), 

where tt is a uniformizer of K, and /i/m is the group of /™-th roots of unity. It is 
known that ti is independent of the choice of vr and its /'"-th root tt^/^™ ( |Selj ). 

By Grothendieck's monodromy theorem (|STj, Appendix), there exist r,s > 1 
such that {p{(jY — l)* = for all a G Ik- Therefore, by replacing K by its finite 
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extension, acts on V through ti: — > ^^(1) and this action is unipotent. 
Then there is a unique nilpotent map of Gal(-ft'/-ft')-representations called the 
monodromy operator N: V{1) V such that 

p(cr) = exp (ti{a)N) for all a E Ik- 

Here is a nilpotent map means that A^'' : V{r) — > ^ is zero for some r > 1. 

Definition 5.1. ( jDe3j . I, 1.7.2) There exists a unique filtration M, on V called 
the monodromy filtration characterized by the following properties. 

(1) M, is an increasing filtration ■ ■ ■ C Mj_il/ C MiV C Mi+iV C ■■■ of 
Gal(ii'/ii')-representations such that M^V = for sufficiently small i and 
MiV = V for sufficiently large i. 

(2) N{MiV{l)) C Mi^2V for all i. 

(3) By the second condition, we can define N : Grf 1^(1) ^ Gr*!2^, where 
GrfV := MiV/Mi^iV. Then, for each r > 0, A^^ Grf ^(r) ^ GitiV is 
an isomorphism. 

Remark 5.2. In the above definition, we replace K by its finite extension. We 
can easily see that M, is stable under the action of Gal(_ft'/i^) for the original 
K. Therefore, we can define the monodromy filtration M, as a filtration of 
Gal(i^/i^)-representations without replacing K by its finite extension. 

5.2. Weight filtration. Let Fr^ G Gal{¥g/¥g) be the inverse of the g-th power 
map on ¥q called the geometric Frohenius element. A Gal(Fg/Fg)-representation 
is said to have weight k if all eigenvalues of the action of Fr^ e Gal(Fg/Fg) are 
algebraic integers whose all complex conjugates have complex absolute value q^^"^. 

Definition 5.3. ( |Delj . |De8j . I, 1.7.5) There exists a unique filtration W, called 
the weight filtration on V characterized by the following properties (for existence, 
see aOl . 

(1) W, is an increasing filtration ■ ■ ■ C Wi^iV C WiV C Wi+iV C ■ ■ ■ of 
Gal(-ft'/i^')-representations such that WiV = for sufficiently small i and 
WiV = V for sufficiently large i. 

(2) For a lift Frg of Frg in Gal{K / K), all eigenvalues of the action of Fr^ 
on each Gif'V := WiV/Wi.iV are algebraic integers whose all complex 
conjugates have complex absolute value g*/^. 

Remark 5.4. By the second condition, the monodromy operator A^ : Gr|^\/(1) 
Gv^V is zero for each i (see §5.11) . Hence, by replacing K by its finite extension 
K' with residue field Fgr, I^/ acts on Grf'V" trivially, and the Gal(Fgr/Fgr)- 
representation Gr|^K has weight i for each i. 

5.3. Weight spectral sequence of Rapoport-Zink. 
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Definition 5.5. A regular scheme X which is proper and fiat over is called 
a proper semistable model of X over G^ if the generic fiber Xk '■= X -R' is 
isomorphic to X and the special fiber Xf, := X Fg is a divisor of X with 
normal crossings. Moreover, if Xf, is a divisor of X with simple normal crossings, 
X is called a proper strictly semistable model of X over 

We recall the weight spectral sequence of Rapoport-Zink ([RZl]). Assume 
that X has a proper strictly semistable model X over iP'^- Let Xi, . . . , X^ be the 
irreducible components of the special fiber of X, and 

x^''^:= Y[ x,,n---nXi^. 

l<ii<-<il^<m 

Then X^''^ is a disjoint union of proper smooth irreducible varieties of dimension 
n — k + 1 over F. The weight spectral sequence of Rapoport-Zink is as follows: 

A:>max{0,— r} 

This spectral sequence is Gal(-ft'/i^)-equivariant. The map d\'' : E\^^'^ 
can be described in terms of restriction morphisms and Gysin morphisms explic- 
itly (see [RZT] . 2.10 for details). 

The action of the monodromy operator on Q;) in §5.11 is induced 

from a natural map A^: E]^-' [1) — > satisfying 

for all r,u7. We can describe A^: ^i'^'(l) ^ ^j+2.i-2 g^plicitly ([RZH, 2.10). 
Hence we can define A^ without replacing K by its finite extension (see Remark 

The inertia group Ik acts on each E^-' trivially and Gal(Fg/Fg) acts on them. 
By the Weil conjecture (jUil, ^M)^ ^3«-r-2fc/^(2fc+r+i)^ q^(_^_^)) has weight 

^ It g ' 

{w — r ~ 2k) — 2(— r — fc) = w + r (see ^5.2|1 . Hence E]^-' has weight j. There- 
fore, the filtration on if3^(X-j^, Q^) induced by the weight spectral sequence is 
the weight filtration W, in Definition 15.31 This proves the existence of W, in 
Definition 15.31 (for general X, we may use de Jong's alteration |d Jj ) . Moreover, 
since dl'^ : Ep^ j^i+rj-r+i -g ^^^^p i^g^^-^gg^ Gal(Fg/Fg)-representations with 
different weights for r > 2, dl'^ = for r > 2. Therefore, the weight spectral 
sequence degenerates at E2. 

By combining above facts, we see that the weight-mono dromy conjecture (Con- 
jecture II. 1|) is equivalent to the following conjecture on the weight spectral se- 
quence of Rapoport-Zink. 
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Conjecture 5.6 f jRZlj . |I12j . |I13j ). Let X be a proper smooth variety over 
K which has a proper strictly semistahle model X over 0^. Let ^~^'"'+'' ^ 
Hyi{Xj^,Qi) be the weight spectral sequence of Rapoport-Zink. Then induces 
an isomorphism 

N"": (r) > E^ 

on E2-terms for all r, w. 



5.4. A positivity argument of Steenbrink, M. Saito. 

Proposition 5.7. Let X be a proper smooth variety over K which has a proper 
strictly semistable model X over ff^- Let Xi, . . . ^X^ be the irreducible compo- 
nents of the special fiber ofX. Assume that X is projective over Gx with an ample 
line bundle ^ . Assume further that, for 1 < ii < ■ ■ ■ < ik < m, each irreducible 
component Y of Xi^ fl ■ ■ ■ fl Xi^ satisfies Assumption \2.1\ in 313 o-nd the Hodge 
standard conjecture ( Conjecture \2.()]) holds for {Y,^\y)- Then, Conjecture 15.61 
holds for X, and Coniecture \l.l\ holds for X . 



In the followings, we reduce the weight-mono dromy conjecture fConiecture ll.il 
Conjecture 15. 6p to an assertion that the restriction of a nondegenerate pairing to 
a subspace is nondegenerate (see Lemma l5. 131 below) . This method has a long 
story starting in SGA7, where Grothendieck considered the case of curves and 
abelian varieties f |SGA7-l] . see also |Illp. 



The outline of the proof here is essentially the same as in |SaMlj . 4.2.5, where 
M. Saito used polarized Hodge structures to prove a Hodge analogue of Conjecture 
15.61 fsee also |SaM2j ). The only difference is that we use Q-structures on /-adic 
cohomology and the Hodge standard conjecture instead of the polarized Hodge 
structures (A similar argument can be found in jJt2j). Since the presentation of 
M. Saito in |SaMlj seems too sophisticated, it is not very clear to non-specialists 
that the argument in |SaMlj can also be applied to the situation in Proposition 
15.71 even in positive or mixed characteristic. So we reproduce the argument here 
with slight modification suitable for Proposition 15. 71 for the reader's convenience. 
Therefore, those who are familiar with the argument in jSaMlj may skip to the 
next section. 

First of all, we recall the structure of the E'l-terms of the weight spectral 
sequence of Rapoport-Zink. Let 



fc>max{0,— r} 

denote the differential on i?i-terms, where 

p:Hl,{xfM ^ HI{XI^'\%) 
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is a linear combination of restriction morphisms for some s,t [p is (—1)''+'^^ in 
[HTT] . 2.10), and 

is a linear combination of Gysin morphisms for some s,t (r is (-1)^'< in pZTj . 
2.10). From the construction, p increases the index k by 1, and r preserves the 
index k. Moreover, p, r satisfy pop = 0, r or = 0, rop + por = 0. Hence p, r 
also satisfy 

p O T O p = —p opor = 0, T O p O T = —T O T O p = 0. 

Let k be an integer with 1 < k < n. To distinguish p, r for different degree, 
we use the following notation. 

In the followings, to simply the notation, we fix an isomorphism = Q/(l) to 
ignore the Tate twists, and simply write Hl^{X'^^^) := HI^{X^\Qi), where we 
add a subscript "et" not to confuse with the notation H^{X) in §2.11 

Let L: Hl{X^^^) W+'^{X^^^) be the Lefschetz operator defined by ^. Since 
L commutes with p, r, we use the same letter L for different i, fc, which does not 
cause any confusion. Let 

be the sum of the cup product pairings. For simplicity, we denote them by U. 
Then, for a G //^(X^'^)), b E if2(n-fc)-i^^(fc+i)^|^ ^^^^ 

(5.1) aUr(^;_V,(6)=±pf)(a)U6. 

Namely, p^-'^'' and t^'^^}1^_. are dual to each other with respect to U up to sign. 
Here we do not specify the sign ± because it does not matter in the following 
proof. 

Lemma 5.8. In the following sequence of p,T 

(fe+i) (k) ik+i) 
^i-2^^(fc+i)) //4(XW) /7^,(X('=+i)) ^ > if^+2(X('=)), 

we have (Kei t^'^'^^^^ fl (imp^'^'') = Im (p^-'^'' or-*-^^^-*). Moreover, in the following 
sequence of p, r 

we /iflfe (Kerpj^^2) l~l (li^ '^i'^^^^) = (''"i'^'^^'' ° P^t'')- 

By assuming the above lemma, it is easy to prove Proposition 15.71 
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Proof of Proposition \5. 1\ assuming Lemma \5. ^ For r > 1, we write ^'"^ E]^^ ^ 
explicitly as follows (see 



k>0 



Put k' = k — r and rewrite ^ as 



k>r 



k'>0 



From this expression, there is a natural isomorphism between ^~'''"'+^ and 
which is nothing but an isomorphism induced by iV in ^5.31 Now, we look at 
the following part of the weight spectral sequence of Rapoport-Zink: 



(5.2) 



^1 



— r— 1, ui+r 



El 



■r, w+r 



El 



■r+l, ui+r 



AT'- 



E[ 



r— 1, w~r 



E[' 



E[ 



r+l,w—r 



Note that iV is a morphism of complexes from the upper line to the lower one. It 
is easy to see that the leftmost A^'' is surjective, the middle is an isomorphism, 
and the rightmost A^'" is injective. To simplify the notation, we define 



fc>0 

S := H^-r-'ik^X^2k+r+l)-^^ ^/ _ H^-r^X^r+l)-^ ^ 
k>l 

C := H^-r-2k+2^j^{2k+r)^^ jj ._ ^x^r)^ , E := i/]^"" (X^^^ ) . 

k>l 

Then, fj5.2p becomes 
(5.3) 



d+d' ^ ^, (e+OJ+f) 

A z ^ B®B' ^ C®D 



A®E 



id+d',0+g) 



B®B' 




for some d: B, d' : A^ B', e: B ^ C, /: B' C, /': B' ^ D, g: E ^ 

B', where B®B' — > B®B' is the identity map, and A A®E (resp. C®D C) 
is a natural map a (a, 0) (resp. (c, d) c). 

It is enough to show that the identity map B ® B' B (B B' induces an 
isomorphism between the cohomologies of the first and second rows of ()5.3p . 



We shall prove the injectivity. Take an element (6, 6') G -B © B' such that 
e{b) + f{b') = 0, /'(&') = 0. Assume that (b + b') e Im (d + d\ + c/). Namely, 
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there exists {x,y) E A Q) E such that d{x) = b, d'{x) + g{y) = h' . Then we have 

e{h) + fib') = e o d{x) + / o d\x) + / o g{y) = 
f'{b') = f'od'{x) + f'og{y)=0. 

From the definition, we see that d' = T^^^l2i f = '^w-r\ 9 = Pw~r- Hence 
f o d' = rj^^^^ o = 0- Therefore, we have 

f'og{y) = Ti^ipop^:liy) = 0. 

By the first assertion of Lemma f5. 81 there exists z G Hy'^^~^~^ (X^'^~^^^) such that 

9{y) = piLiy) = pi-r o T;i'X^22(^)- 
Since p^l^ o r^';X-2(^) = -'rw-r-2 ° pi'-rl2(^). we have 
b' = d'{x) + g{y) = Ti^^r-2{x) - ° P^-lUiz) = ri^-r-2{x - p'l^-lUiz)) ■ 

On the other hand, the restriction of rf: A ^ to the A; = part H^-''-'^{X^''+'^^) 
is Then, we have 

d{x- pt-lUi^)) = d{x) - pt^r~2 ° P^-lUiz) = d{x) = b, 

since p'^^l''_2 o p^^^-2 = 0- Hence (6, b') is the image of x — p^^~r''-2{^) by (i + d' , 
i.e. (6, 6') e Im + d'). This proves the injectivity. 

Finally, we shall prove the surjectivity. Take an element (6, b') E B ® B' with 
e{b) + f{b') = 0. From the construction, we see that / = p^^^^"* ^-nd the restriction 
of e: 5 ^ C to the = 1 part H^-'-\X^'^+^^) is T^^r-2- Therefore, the equality 
e{b) + fib') = implies rj^'l^^^ib) + p^^b') = in the A; = 1 part i7!^-^'(X(^'+2)) 
of C, where b is the k = 1 part of b. Hence we have 

pi^lr+2 ° 'rw-r\b') = -T^^^r^ O p^^tl\b') = T^^^^^ O r';^^^l^{b) = 0, 

since pil^+s o r^-r^ = -r^^^r^ o pj^''^^^^ and t^^^^^ o r^'^J^^^^a = 0. By the second 
assertion of Lemma f5.8[ there exists a G //^"'"(X'^^^) = E such that 

rtVH&') = rtV^°pLt.H- 

Consider the element (6, b' — g{a)) G B ® B' which is in the same class as [b, b') 
in the cohomology of the second row. Then, we have 

f\b' - g{a)) = T^:^^\y) - ° Pil(«) = 0, 

hence (6, b' — g{a)) G Ker (e + 0, f + f)- This proves the surjectivity. □ 

Therefore, it is enough to prove Lemma 15.81 Firstly, recall the primitive de- 
composition of Hl^{X'^^^): 

j>0 
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where P^\~^-'(X*^'^)) is the primitive part of H^^'^^ {X^^'>) as in §2.21 Recall that 
dimX^'^) = n — k + 1. The idea of our proof of Lemma 15.81 is to analyze the 
primitive decomposition carefully. Since p, r do not preserve the primitive de- 
composition, for < z < dimX*-'^"'"^^ = n — k, we put 

P^Im°pf^ := (Impf)) ni^,(X('=+^)), 

and Im^p-'^^ = otherwise. Then, we define 

ImVf ) := L^P^-2, j^i^W _ i^pf )/lmOpf ^ 

Roughly speaking, Im^Pj-'^^ is a part which has a decomposition according to the 
primitive decomposition of and Im^p^-^'' is a part which does not have 

any decomposition compatible with the primitive decomposition of Hl^{X^''~^^^). 
Similarly for Im r-*^'^'*'^'' , for < i < dimX^^^ — 2 = n — A; — 1, we put 

and P*+2 Im^Tj*^'^'''^'' = otherwise. Then, we define 

Im°T^('=+^) := L^P^+2-2, iniOr(^+i), ImVf := Im T^^'^+^Vlm^^'^'^ 

Lemma 5.9 (Hard Lefschetz theorem for Im°). We have the primitive decompo- 
sition for Im° in the following sense: 

i>o 

j>0 

Hence we have an analogue of the hard Lefschetz theorem for Im° in the following 
form: 

rdimX('=+i)-i _ r(n-fc)-i . T^0„(*:) - , TmO^C^) 

^ - • ™ Pi ^ -^in P2(n-k)-V 

^dimxW-(^+2) ^^(„-fc+i)-(.+2). Ij^o ImOrif+'L,, . 

Proof of Lemma \5. .91 These immediately follows from the definition of Im°p-^\ 
Im07v^'+'\ □ 

Lemma 5.10 (Hard Lefschetz theorem for Im^). We also have an analogue of 
the hard Lefschetz theorem for Im^ in the following sense: 

rdimX('=+i)+l-i _ r(ri-fc)+l~j . T™1 ^C^) - , Tmln^'') 

^ — ^ ■ -^"^ Pi ^ -^"^ P2{{n-k)+l)-V 

^dimXW+l-(^+2) ^^(n-fc+l)+l-(^+2). ImV^f+Vn^l^ i'^AV 

I 2((n-A:+l)+l)-(i+4) 
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Proof of Lemma \5.1lA The surjectivity follows from the hard Lefschetz theorem. 
The injectivity follows from the surjectivity of the maps 

T(n-k)+l-i. T^0„('=) , -[vn^ri^^ 

r (n-fc+l)+l-(i+2) . T T 

. im Tj > im ^r2((n-fc+i)+i)-(i+4)' 

which follows from Lemma f5. 91 □ 

Remark 5.11. The primitive decomposition of Im^p^-'^'' (resp. Im^Tj^'^"'^^'') is the 
same as that of Hl^{X^^^'^'>) (resp. W^"^ {X^^'^)) . On the other hand, the primitive 
decomposition of Im^p^^ (resp. Im^r^^'^^^'*) is the same as that of Hl^{X^^^) (resp. 
i7|^(X*^'^+^^)). Hence the center of symmetry of Im^ differs by 1 from that of Im". 

Lemma 5.12. For all i, we have the following equality of dimensions: 

dimQ, Im°pf ^ = dimQ, ImV^^^^\ dimQ^ = dim^, Im°7;^''"^^''. 

Proof of Lemma \5.1^ Since pf^'' and t^'^^^1'j_^ are dual to each other up to sign 
(see flS.ip ). we have dim^^ Imp^-^'' = dim^j Imrg^^^^-j .. Hence we have 

(5.4) dimQ^ Im°pf ^ + dim^, ImVf ^ = dim^, ImV^^f;^^!!).^ + dim^, ImV2^f;^t!i)_r 

Since dim^^ lm'^T^''^^^l-^_. = dimQ, Im°T:-_^2 by LemmaESl and dimQ, ImV2^|'^_^^^_ . = 
dimQ; Im-'^T^^^^'' by Lemma I5.10[ we have 

dimQ^ ImVf ^ + dim^, Im^!'^ = dim^, Im^^^^^) + dim^, Im^^'^^^). 
Equivalently, we have 

(5.5) dimQj Im°pf ^ - dim^, ImV^''^^^ = -(dimQ^ Im^f ^ - dimQ, Im°r/^2^^)- 

On the other hand, we have dim^^ Im^Pj-'^^ = dim^^ Im'^p2^^_^^_. by Lemma [5. 91 

and dimQj Im-'^pp^ = dim^^ Im^p2^^_^^_^^2 by Lemma I5.1UI Hence, by (j5.4p . we 
have 

dim,, ImV<;'._„_. + dim«, ImVS-.,-i+. 

= dim,,ImV<f«>,.. + dim«,Im-4«i,_, 

From this, by replacing 2(n — A;) — z by z, we have 

(5.6) dimQ, ImVf ^ - dimQ, Imi7;('-+^) = - ( dim^, Im^S - diniQ, Im^('^+^)) . 

By combining ()5.5p and ()5.6|) . we have 

dim^, ImV;'^ - dimQ, Im'rtt''^ = dun^, ImVSS - diniQ, Im^('=+^). 

Hence the difference dimQ^ Im^p^^^g — dim^j Im^r^*-'^'^^'' is independent of i. Since 
this is zero for sufficiently large (or small) i, we have 

dimQ, ImVl?2 - diniQ, Im°T,('=+') = for all z, 
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which proves the second assertion. Hence we also have the first assertion by ()5.5p 

or (inisi)- □ 

We call the pairing on Hl^{X^^'>) defined by 

Hi{X^^^) X Hi{X^^^) ^ Qj, (a, h) ^ U'-^+^-'a U h 

the sum of the Lefschetz pairings. We denote it simply by (, ). The pairing (, ) 
is nondegenerate by the hard Lefschetz theorem f ^2.2|) . However, the following 
lemma is far from trivial, and we use the assumptions of Proposition 15 . 71 to prove 
it. 

Lemma 5.13. The restriction of {,) on Hl^{X^^^^'') to Im^p-^^ is nondegenerate. 
Similarly, The restriction of {, ) on Hl^'^{X^^^) to Im'^Tj^^'*'^'' is also nondegenerate. 

Proof of Lemma \5. 1 S[ Since the decomposition of Im'^p^-'^'' in Lemma 15.91 is or- 
thogonal with respect to (,), it is enough to show that the restriction of (, ) to 
/^ip*-2i jj^OpW jg nondegenerate for each j. By the assumptions of Proposition 
15. 7| we observe that all cohomology groups of X^''\ X^''~^^\ maps p,T,L, and 
pairings (, ) have natural Q-structures (see §2.11) . In particular, the inclusion 

has a Q-structure. Namely, let V C L^P^-^^mVf ^ and W C U P^;'^\X'^''+^^) 
be the Q-vector subspaces generated by algebraic cycles, then we have 

It is enough to show that the restriction of (, ) to is nondegenerate. We may 
assume i is even because there is no odd degree cohomology. By assumption, the 
Hodge standard conjecture holds for all irreducible components of X^'''^^\ Hence 
the restriction of {,) toW is positive (resp. negative) definite if (i — 2j)/2 is even 
(resp. odd). Therefore, the restriction of (, ) to 1^ is nondegenerate because it is 
definite. □ 

Lemma 5.14. The composition of the following maps is an isomorphism: 

T (k) ^i*""^^' J (fc+1) J 1 (fc+1) T (fe+1) /T 

Im > Imr> > Im r> = Imr- /Im r- 

Similarly, the composition of the following maps is also an isomorphism: 



Proof of Lemma 5.14\ By Lemma 15.121 we have only to show that the composi- 



tions are injective. Assume that the composition of the first row is not injective 
and take a nonzero x G Im^p^-'^'' such that t-'''^^\x) G Im^r^^'^^^'' . If Ti''^^\x) 7^ 0, 
by Lemma I5.13| there exists rj^'^'^^^ (y) G Im^rp^"^'' such that 
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However, since x = pi\x') for some x' G i74(X('=)), by (jni), we have 

= ±L(-''^^)H^^2)p(%orr''opf\x')Uy 
= 0. 

Recall that p^-^g o t-''~^^^ o = 0. This is a contradiction. Hence we have 
Ti'''^^\x) = 0. By Lemma 15. 131 again, there exists pf\z) G Im'^p-'^^ such that 

However, by (|5.1|) . we have 

^ L^-'^-'x U pf\z) = ±L"-^-^ rf'^^Xx) U 2 = 

since Tf^^^\x) = 0. This is a contradiction. Hence the composition of the first 
row is injective. Similarly, we see that the composition of the second row is also 
injective. □ 

Lemma 5.15. By Lemma \5.14\ the surjectionslmrj^'^^^^ ^ Im^r-^'^^^'' andlm p['^2 
Im-^Pj-^2 have canonical splittings. Therefore, we have the following decomposi- 
tions o/Imr-^^^^'' and Im p['^2' 

(5.7) Imrf = Im^^r^'^''' © ImVf ImpJ^^^ = I^VS © I^VS- 
These are orthogonal decompositions with respect to (,). 

Proof of Lemma \5.15\ The proof is easy and immediate. Take (a, h) G Im°r-'~^^^''© 
Im-^Tj'''^^^'^^ Then, by the first assertion of Lemma l5.14l we can write a = Ti''~^^\a') 
and b = t^'^'^^^ o P^t\^') some a', h' . Then, by ()5.1|) . we have 

^n^fc+l-(.+2) ^ u ^ ^ ^n-fc+l-(.+2) y {r't+^^ o pf ^(fo')) 

^ ^^„-fe+l-(.+2) ^/ u ^ ^(fc+1) ^ ^(/=)(^/)) 

= 0, 

since pf^^ o r/'^^"'^^ o pf^ = 0. Similarly, we see that the decomposition Im pf^2 = 
Im°Pj-^2 © \m^pf^2 is also orthogonal with respect to (, ). □ 

Finally, by combining above results, we shall prove Lemma f5. 81 

{k+i)^(k) 



Proof of Lemma i5.8[ Firstly, we shall prove the first assertion. Since op 



on) ' o 



'^i~2^^ = 0, the inclusion 
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is obvious. To prove the opposite inclusion, we take x G (Kerr^ ^ ) fl (imp- ). 
Then, for all y G Hi^iX^''^), by we have 

L"-^-^ X U pf ^ (y) = ±L^-^-' 7^('=+') (x) U y = 

since Tf'^^\x) = 0. By Lemma (5. 151 we write x = Xq + Xi for Xq G Im'^p-^^ and 
Xi G Im^pp\ If Xq 7^ 0, by Lemma lK.lHI and Lemma lB.15| there exists y' G Im'^p^'^'' 
such that 

L"-'^-' a; U = L"-'^-' xq U + L""'^-' xi U y' 
= L--'-'xoUy' 

7^0, 

which is absurd. Hence xq = 0. Then, we have 

X = XI G ImVf ^ = pf ^ImVfr^) C Im (pf ^ o rf^^)- 

This proves the first assertion. Similarly, we can prove the second assertion by 
using Lemma 15.131 and Lemma 15.151 Therefore, Lemma 15.81 is proved, and the 
proof of Proposition 15.71 is complete. □ 

Remark 5.16. In the above proof. Lemma (5.131 is the only part where we cru- 
cially use the assumptions of Proposition 15.71 In |SaMlj . M. Saito proved a 
corresponding statement by using polarized Hodge structures. 

6. Application to p-adically uniformized varieties 

In this section, we give a proof of the main theorem (Theorem II. 2j) of this 
paper. We also give some immediate applications. 

6.1. Drinfeld upper half spaces and p-adic uniformization. Let K he a 

complete discrete valuation field with finite residue field ¥g of characteristic p > 0. 
Let Qj^ be the Drinfeld upper half space of dimension d > 1 over K, which is a 
rigid analytic space obtained by removing all /^-rational hyperplanes from P^. 
We have a natural action of PGL^_|_i (i^') on Qj^. 

As a formal scheme, fi^ can be constructed as follows. Take the projective 
space P^^ over ^k- Then, take successive blowing-ups of P^^ along all linear 
subvarieties in the special fiber P^^ as in ^4.11 By continuing this process for 
all exceptional divisors appearing in the blowing-ups, we obtain a formal scheme 
locally of finite type over Spf i^K- By construction, the rigid analytic space 
associated with fi^^ is isomorphic to In other words, is the "generic 
fiber" in the sense of Raynaud ( |Ray| ) of the formal scheme over Spf ^k- 

Let r be a cocompact torsion free discrete subgroup of PGLd+i{K). We have 
a natural action of F on , and this action is discontinuous with respect to 
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Zariski topology. Then, we take a quotient Xr := r\fi^^ as a formal scheme. 
Mustafin, Kurihara showed that the relative dualizing sheaf o;^^^^^ is invertible 

and ample. Therefore, Xr can be algebraized to a projective scheme Xr over 
(?K- The generic fiber Xr := Xr K is a projective smooth variety over K 
whose associated rigid analytic space is the rigid analytic quotient r\f2^. By 
construction, Xr is a proper semistable model of Xr over whose special fiber 
is described by the cell complex r\T, where T denotes the Bruhat-Tits building 
of PGLd+i(K) (for details, see jM^, Theorem 4.1, [^, Theorem 2.2.5). 

6.2. Proof of the main theorem (Theorem II. 2j) . As in ^6.11 let 7^ be a com- 
plete discrete valuation field with finite residue field of characteristic p > 0, 
r C PGLrf+i(if) a cocompact torsion free discrete subgroup, and Xr an alge- 
braization of r\f2^^ with generic fiber Xr as in ^(j.ll 

The following lemma seems well-known. 

Lemma 6.1. Let X,Y be proper smooth variety of dimension d over K, and 
f : X Y a proper surjective generically finite morphism of degree degf (f 
is called an alteration in |d.Tj ). If the weight-monodromy conjecture (Conjecture 
holds for X , then Coniecture \l.l\ holds also for Y . 

Proof. Since / is finite of degree deg/ on some open dense subscheme U C 
X, /*: HiiXT^M ^ HiiXj^M) and i/|(X^,QO ^ HliY^M satisfy 
f*o f* = multiplication by deg/. Since /* commute with Gal(_ft'/K)-action, 
H^^(Y-j^,Qi) is a direct summand of H^^{X-i^,Qi) as a Gal(if/-ft')-representation. 
Therefore, the restriction of the monodromy filtration (resp. weight filtration) 
on H^^{Xj^,Qi) to H^^{Yj^,Qi) coincides with the monodromy filtration (resp. 
weight filtration) on if|.(y^, Q/) itself. Hence the assertion follows. □ 

Now, we shall prove the main theorem (Theorem II. 2|1 of this paper. 

Proof of Theorem \l/A First of all, it is known that the intersection of all finite 
index subgroups F' C F is equal to the identity f |Gaj . Theorem 2.7, Proof, 
(b)). From this, by looking at the action of F on the Bruhat-Tits building T of 
PGLrf+i(i^') ( |Musj ■ |Kuj ) . it is easy to see that Xr' is strictly semistable for some 
finite index subgroup F' C F. Since we have a finite etale covering Xr' — > Xr, 
by Lemma we may assume that Xr is a strictly semistable model of Xr over 

Under this assumption, from the construction of Xr in §6.11 we see that all 
irreducible components Xi, . . . ,Xm of the special fiber of Xr are isomorphic to 
the variety B'^ constructed in ^4.11 By Proposition 14.21 4, 5, for i ^ j, each 
irreducible component of Xj fl Xj is isomorphic to a divisor of the form Dy on 
B'^ in ^4.21 Moreover, by induction, we see that, for 1 < ii < ■ ■ ■ < ik < each 
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irreducible component Y of Xj^ fl ■ ■ ■ fl Xj^. is isomorphic to the product 

Y = B'^' X ■■■ X B'"' 
for some Ui, . . . , > 1 with rii + ■ ■ ■ + Uk = d — k + 1. 

Let ^ be the relative dualizing sheaf uiXr/ffK^ "which is invertible and ample by 
Mustafin, Kurihara (|Mu^, |Kuj ) . Take i with 1 < i < m and fix an isomorphism 
Xi = B'^. Then, by an explicit calculation in |Musj . |Kuj . the restriction of =Sf to 
each Xi is isomorphic to 

n-l 

-{n + l)f*^p,{l) + Y,in-d)Dd 

d=0 

(for notation, see SHI ^4.2( see also Remark l^^ . which is an ample PGLrf+i(Fq)- 
invariant divisor on Xi = B'^. Therefore, by Proposition 14.71 the Hodge standard 
conjecture f Conjecture I2.6|) holds for (Xi,=Sf|xJ- 

Moreover, for 1 < < ■ ■ ■ < ife < m, take an irreducible component Y of 
n ■ ■ ■ n Xi^ . Then, Y is isomorphic to B"^^ x ■ ■ ■ x B'"-^ for some ni, . . . , > 1 
with ni + -- - + nfc = d — k + 1. By the construction of i?" in ^4.11 and the Kiinneth 
formula, Y satisfies Assumption 12. II in ^2.11 fsee also ^2.5|) . Let pr^ : Y B^^ be 
the projection to the i-th factor for j = 1, . . . , A;. Then, by applying Proposition 
14. 2[ 4, 5 and Proposition 14.41 4 inductively, we see that the restriction of =Sf to 
Y is of the form 

= prt^(Li) + --- + pr*^(L,) in H\Y) 

where Lj is an ample PGL„^_|_i(Fg)-invariant divisor on i?"-' for j = l,...,k. 
By Proposition 14. 7t the Hodge standard conjecture (Conjecture 12. 6^ holds for 
(5"^ , Lj) for j = 1, . . . , k. By applying Proposition 12 . 131 inductivelv. we conclude 
that the Hodge standard conjecture f Conjecture 12. 6|) also holds for (F, =Sf|y). 

Therefore, Xr satisfies all assumptions in Proposition 15.71 Hence the weight- 
monodromy conjecture f Conjecture II. 1|) holds for Xr, and the proof of Theorem 
11.21 is complete. □ 

Remark 6.2. Theorem 11.21 is new only in mixed characteristic. However, we 
note that Theorem II. 21 in characteristic p > does not automatically follow from 
Deligne's results in jPeSj because Xr does not automatically come from a family 
of varieties over a curve over a finite field (This was explained by Illusie in |I13j . 
8.7). We need a specialization argument to reduce the general characteristic p > 
case to Deligne's case (j^il, |ltlj ). 



6.3. Schneider-Stuhler's conjecture on the filtration F*. In jSSj . Schneider- 
Stuhler computed the cohomology of flj^ and its quotient T\flj^ by methods from 
rigid analytic geometry and representation theory. Their results are valid for co- 
homology theories satisfying certain axioms, and they showed that de Rham 
cohomology and rigid analytic /-adic cohomology satisfy these axioms. Precisely 
speaking, at that time, they used unpublished results of Gabber to check the 
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(6.2) Hi{Xr®KK, 



axioms for rigid analytic /-adic cohomology. After that, these axioms were es- 
tabhshed by Berkovich ( |Bej ) . de Jong -van der Put ( |dJvdPj ). By comparison 
theorem between rigid analytic and usual /-adic cohomology, Schneider-Stuhler's 
computation is valid for /-adic cohomology of the variety Xp. Here we combine 
our results with the results of Schneider-Stuhler in |SSj . and prove Schneider- 
Stuhler's conjecture on the filtration F* for /-adic cohomology. 

First of all, we recall the results of Schneider-Stuhler (for details, see |SSj . 
Theorem 4). As in ^6.11 let i^' be a complete discrete valuation field with finite 
residue field of characteristic p > 0. For a cocompact torsion free discrete 
subgroup r C PGL(i+i(_ft'), let 

Indr :=C°°(PGW(ir)/r,C) 

be the PGL^_|_i(i^')-representation induced from the trivial character on F. Let 
/i(F) be the multiplicity of the Steinberg representation in Indr. In |SSj, §5, 
Schneider-Stuhler explicitly computed the £'2-terms of a Hochschild-Serre type 
covering spectral sequence: 

(6.1) E'/ = H'{r, Hl,{% ®K K, Qi)) =^ Hl^\Xr ®k K, Qi) 
]5, Proposition 2), and proved 

h (-|) if k is even, < k <2d, k d 
if A; is odd, k ^ d. 

For the middle degree k = d, they proved that the covering spectral sequence 
()6.1|) defines a decreasing filtration F' on V := H^^{Xr ®k K, Qi) such that 

V = FV D FV D ■ ■ ■ D D F'^+V = 0, 

( Qi{r - d)®^(^) ifO<r<rf, r^^f 
(6.3) F^V^/F'^+V ^ i Q,(-f)®^^^^^+'^ ifr = f 

[O otherwise, 

and conjectured that F* essentially coincides with the monodromy filtration (see 
|SSj . introduction and a remark following Theorem 5). 

Theorem 6.3 (Schneider-Stuhler's conjecture for /-adic cohomology). Let M, he 
the monodromy filtration on V fDefinition \5.1]} . Define an increasing filtration 
Fi on V by F^V = F-^'/^^V. Then, we have 

MiV = Fl_^V for alii. 

Proof. We compute the graded quotients of F^ explicitly. If i is even, we have 
F'i V/F[_^ V = F-'/^V/F-'/^+'^V 

h{-^-d)^^^^^ if -2d<t<0, i^-d 
j^(_.)e(Mr)-i-i) 

otherwise. 
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If i is odd, we have [i/2j = [{i — 1)/2J hence FlV/F-_-^V = 0. Therefore, each 
F/ V/Fl_i V has weight i + 2d as a Gal(Fq/Fq)-representation. Now the assertion 
follows from Theorem 11.21 □ 



6.4. Application to the local zeta function of Xr- Let notation be as in 
Let us recall the definition of the local zeta functions (for details, see |Se2j . |RapJ ). 
For a continuous Gal(-ft'/ii')-representation V over Q^, the local L-function of V 
is defined by 

L{s, V) := det (l - q-' ■ Fig ; V^^)~^ 
(for notation, see ^5.H ^5.2|) . For a variety X over K, the local zeta function of 
X is defined by 

2dimX 



C(.,X):= n L{s, Hi{XT^,Qi)y 



k=0 



Let us compute the local zeta function of Xr- For an even integer k with 
< < 2d, k d,hj ()(i.2j) . we easily see that 

L{s, Hi{Xr K, Qi)) = det (l - q-' ■ Fr, ; Qi(-|))"' = J^^^- 

On the other hand, for the middle degree k = d, we can not compute the local L- 
function only from the results of Schneider-Stuhler ()6.3|) because ()6.3|) only gives 
us the semisimplification of the Gal(i^'/i^')-representation H^^^Xr^xK, Qi). We 
need the weight-monodromy conjecture to recover the local L-function from the 
semisimplification (see |Rap| , §2). 



Now, we shall use Theorem 16.31 By Theorem 16. 3^ we see that the inertia fixed 
part is given by 

H'^iX 6, K nV--f^^'^^^®^^^-^^ ifrfiseven 



(see also Definition 15. H 3). Therefore, we have 

1 



if d is even 
if d is odd. 



By combining above results, we have the following theorem. 

Theorem 6.4 (Local zeta function of Xp). Let T C PGL^i+i (i^) he a cocompact 
torsion free discrete subgroup. Then, the local zeta function of Xp is given by 

d 



c(.,A-ri = (i-,-r™-i)-.jj 1 , 

fc=0 ^ 

where fj,{T) is the multiplicity of the Steinberg representation in Indr as in ^6'. 51 
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Remark 6.5. As a consequence, we also see that the local zeta function ({s, X^) 
is independent of / 7^ p. In ^6.51 we consider the case I = p via p-adic Hodge 
theory. 

6.5. p-adic weight-monodromy conjecture. We recall some results in p-adic 
Hodge theory to state a p-adic analogue of the weight-monodromy conjecture. 

Let i^' be a finite extension of Qp with residue field F^, (Fg) the ring of Witt 
vectors with coefficients in Fg, Kq the field of fractions of W{Wq), and X a proper 
smooth variety over K. For simplicity, we assume that there is a proper strictly 
semistable model X of X over (see Definition 15. 5j) . 

For V := Qp), by the Cst-conjecture proved by Tsuji, there is a canon- 

ical isomorphism 

(6.4) At(l^) := {V B^.f^'^'^^''^ = H-,.^^JXl/W{¥,r) ®h^(,,) Ko 

where Bst is Fontaine's ring of p-adic periods, Gal{K / K) acts on V (S>Qp -Bst 
diagonally, and -f^iog-crys(-^F,/^(^i?)^) ^"^S crystalline cohomology of the 

special fiber Xf, = X F^ endowed with a natural log structure (j^, |HKj . 
|Kaj . jTsj). It is known that dim/^p DstiV) = dim^^ V. Moreover, it is also known 
that the monodromy operator and the Frobenius endomorphism (f act on both 
hand sides, and ()6.4|1 is compatible with the actions of them. By using N, ip, we 
can define the monodromy filtration M, and the weight filtration W, on Dst{V) 
by the same way as in Definition 15. 11 Definition 15.31 Then, we have the following 
p-adic analogue of the weight-monodromy conjecture. 

Conjecture 6.6 (p-adic weight-monodromy conjecture). 

M,At(^) = W,+^D,,{V) for all i. 

Let notation be as in §5.31 Mokrane constructed a p-adic analogue of the weight 
spectral sequence of Rapoport-Zink as follows: 

^.r,n,+r ^ Q if--;-2^' (F,)) (-r - k) 
fc>max{0,— r} 

where H^^^^ denotes the crystalline cohomology ( |Moj . §3.23, Theoreme 3.32). 
This spectral sequence has similar properties as the Z-adic case (compare with 
^5.3p . By the Weil conjecture for crystalline cohomology i |KMj . |CLSj ). this 
spectral sequence degenerates at E-^ modulo torsion, and defines the weight fil- 
tration W, on if[^g_,,j.yg(X]^yiy(Fg)^). Moreover, there is a monodromy operator 
N satisfying the same properties as the /-adic case {N coincides with v in |Moj . 
§3.33). 

Therefore, by (j6.4p . Coniecture 16.61 is equivalent to the following conjecture on 
the weight spectral sequence of Mokrane (compare with Coniecture 15. 6|) . 
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Conjecture 6.7 ( jMoj . Conjecture 3.27, §3.33). A^** induces an isomorphism 
for all r,w. 

Theorem 6.8 (p-adic weight-monodromy conjecture for X-p)- Let T C PGLd+i{K) 
be a cocompact torsion free discrete subgroup. Then, a p-adic analogue of the 
weight-monodromy conjecture f Coniecture \6. 6|) holds for Xp. 

Proof. Note that jCp is semistable but not necessarily strictly semistable in gen- 
eral. However, as we see in ^6.21 jCp' is strictly semistable for some finite index 
subgroup r' C r. Since a p-adic analogue of Lemma lUTD holds by the same rea- 
son, we may assume that 3£r is strictly semistable. Then, we can prove Theorem 
16.81 by the same way as the /-adic case. We use the cycle map for crystalline 
cohomology ([UMI, 103). □ 

Remark 6.9. After this work was completed, the author was informed that 
Ehud de Shalit obtained Theorem 16.81 by a completely different method. His 
proof relies on a combinatorial result of Alon-de Shalit about harmonic cochains 
on the Bruhat-Tits buildings (|ME], 03 )• 

6.6. Application to the p-adic local zeta function of Xp. Let notation be 
as in ^6.51 Recall that a finite dimensional continuous Gal (_ft'/i^') -represent at ion 
V over Qp is called semistable if dim/^^ DstiV) = dimQ^ V (^Fb). For semistable 
V, the p-adic local L-function of V is defined by 

Vadic(s, V) := det (1 - g-^ . ^ ; D,,{Vf 

where Dst{V)^^^ denotes the kernel of acting on Dst{V). In fact, we can 
define Lp_adic{s,V) for potentially semistable V, but we omit it here (for details, 
see |l^bj ) . For a variety X over K such that H^^{Xj^, Qp) are semistable for all k, 
we define the p-adic local zeta function Cp-adicl^, X) of X as follows: 

2dimX 

Cp-adic(s,X) := Y\ Lp.a_dic{s, H^^{Xj^,Qp)) 
k=0 

Here we put the subscript "p-adic" to distinguish it from the Z-adic case. 

Theorem 6.10 (p-adic local zeta function of X-p)- Let T C PGLrf4.i(i^) be a 
cocompact torsion free discrete subgroup. Then, for all k, the p-adic Stale co- 
homology H^^{Xp ®K K, Qp) is a semistable GaA{K / K) -representation, and the 
p-adic local L-function -Lp-adic(s, H^^^Xt^kK, Qp)) is the same as the usual local 
L-function defined by l-adic cohomology for I ^ p (see y6'.^| ).' 

I^p-adic(s, Hi{XT ®K K, Qp)) = L{s, H^iXr ®k K, Qi))- 
In particular, we have the following equality of local zeta functions of X-p: 

Cp-adic(s,Xr) = C(s,Xr) = (l-g-)MrH-i)''+\-Q_L_, 

k=0 ^ 
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where fi{T) is the multiplicity of the Steinberg representation in Indr as in ^6'. 51 

Proof. If Xr is strictly semistable, if|.(Xr K, Qp) is semistable by the Cst- 
conjecture proved by Tsuji ([Tsj). The general case follows from this because Xr' 
is strictly semistable for some finite index subgroup F' C F (see also Lemma f6. II 
and the beginning of the proof of Theorem 11.21 in ^6.2|1 . 

For the local L-functions, we compare the /-adic and the p-adic case (The 
following argument is inspired by |SaTp . Fix a prime number / ^ p. Since 
the weight-monodromy conjecture holds for both /-adic and p-adic cohomology 
f Theorem 11.21 Theorem 16. 8|) . it is enough to prove the equality: 

(6.5) Tr(Fr™ ; H^,{Xr ®k K, Qi)) = Tr(<^'- ; D,,{H^,{Xr ®k K, Qp))) 

for all k,m>0 ( |Rap| , Lemma 2.12). Since 

dimQ, H^^iXr ®K K, Qi) = dim^^ H^,{Xr 0k K, Qp), 

Hi{XT ®K K, Qp) = if A; is odd and k =^ d, and Hl,{Xr ®k K, Qp(|)) is one 
dimensional and generated by algebraic cycles if k is even and k ^ d. Therefore, 
()6.5|1 trivially holds for k ^ d. On the other hand, the alternating sum of ()6.5j) 
for all k holds by Ochiai's results ([H], Theorem D). Hence ()6.5j) holds also for 
k = d. □ 

Remark 6.11. If Xr is strictly semistable, we can directly prove Theorem I6.1UI 
without using Ochiai's results as follows. It is easy to see that -E}''^, d^-' , N of the 
Z-adic and the p-adic weight spectral sequences have the same Q-structure coming 
from the groups of algebraic cycles on the special fiber. Hence the characteristic 
polynomials of Fr^, ip acting on each i?2 are equal. Since the weight-monodromy 
conjecture holds for both /-adic and p-adic cohomology (Theorem II. 2^ Theorem 
16. 8|) . we see that the characteristic polynomials of Fr^, ip on each graded quotient 
of the monodromy filtration on H^^{Xr ®k K, Qi), Dst{H^^{Xr <S)k K, Qp)) are 
equal for all k. Hence we have Theorem 16.101 

Remark 6.12. The proof above is somewhat indirect compared with the /-adic 
case. The reason why we have to make such a detour is that Schneider-Stuhler's 
results on de Rham cohomology are not enough to compute the p-adic local zeta 
functions because we do not have the action of ip on de Rham cohomology in 
|SSj . However, by a recent work of GroBe-Klonne, we have the action of ip on the 
de Rham cohomology of flj^ ( |GKj ). By using his results, it seems possible to 
compute the p-adic local zeta functions directly without using /-adic cohomology. 

7. Appendix : Application to the Tate conjecture for varieties 
admitting p-adic uniformization 

Here we give an application of the results in the previous section to the Tate 
conjecture for varieties over number fields admitting p-adic uniformization. Such 
an application was pointed out to the author by Michael Rapoport and the author 
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includes it here with his permission. The results in this appendix are essentially 
due to him. 

Let i^' be a number field, K an algebraic closure of and X a proper smooth 
scheme over K of dimension d > 1 which is not necessarily geometrically con- 
nected. We say X admits p-adic uniformization if there is a finite extension L 
of K inside K, and a finite place w of L such that each connected component 
of X ®K Lyj is isomorphic to X^ for a cocompact torsion free discrete subgroup 
r C PGLrf+i(Lt„), where is the completion of L at w. 

As an application of the results in the previous section, we prove the Tate 
conjecture for X as follows. 

Theorem 7.1 (cf. jl'aj . Conjecture 1). Let X he a proper smooth scheme over 
a number field K of dimension d > 1 admitting p-adic uniformization. Fix a 
prime number I. Then, for any finite extension K' of K inside K and for any 
k, < k < d, the Qi-vector space 

is generated by algebraic cycles on X of codimension k defined over K' . 

Remark 7.2. In fact, as we see in the proof below, the above Qr vector spaces 
are generated by power of the canonical bundles of connected components of 
X^K K'. 



Proof. Since it is enough to prove the assertion after replacing K' by a finite 
extension of it, we may assume K' contains L. Fix a finite place w' of K' over w, 
and take a connected component X' of X®kK' . Then, X' ®k' K'^, is isomorphic 
to Xr ®L„ K, for some V C VGU+i{L^). We put V := i/f (X' ®k' K, Qiik)). 

We shall prove that yGai(_ft'/_ft:') -g generated by a power of the canonical bundle 
^ of X'. If k ^ d/2, the assertion trivially holds because is ample by Mustafin, 
Kurihara ( Mui], |Kuj ) . and V is one dimensional by Schneider-Stuhler (fS^, see 

also gnsi)- 

If d is even and k = d/2, we shall prove that yG-Ki^/i^') 

is one dimensional. We 

know that this space has dimension > 1 because it contains the subspace gener- 
ated by a power of To prove the opposite inequality, we consider the subspace 
yGai(7f^/i^;,,) y consisting of elements fixed by the action of GdA{l^,/K'^,). 
Here we fix an embedding K ^ K'^, over K' and consider Gal(i^'^,/i^'^/) as a 
subgroup of Gfi\{K/K'). Since V^^'^^K,' I K') is one dimensional by the follow- 
ing lemma and FGai(7?/x') ^ yGsX{W;,/K'^,)^ ^^^^ yG<,\(K/K') jg ^^^^ 
dimensional. □ 

Lemma 7.3. As in let K be a finite extension of Qp, T C PGLd+i{K) a 
cocompact torsion free discrete subgroup, and K' a finite extension of K inside 
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K. Fix a prime number I, which is not necessarily different from p. Assume that 
d is even. Then, the Qi-vector space 



is one dimensional. 



Ga.l{K/K') 



Proof. We put V := i/|^(Xr ®k K, Qi) for simplicity. Let Fg/ be the residue field 
of K'. 

Firstly, we consider the case I ^ p. As in ^6.41 we see that 

Recall that the monodromy filtration is invariant under a finite extension of the 
base field. Therefore, 

is one dimensional, where "Fr^' = 1" denotes the subspace consisting of elements 
fixed by the action of Figi. 

The case I = p is similar but we work with Dst{V) instead of V itself. Let 
m := dimQ^ {V {^))^''^''^^^'\ We know that m > 1. There is a Gal(K/K')- 
equivariant injection Qp(— |)®™ V. By taking Fontaine's functor D^t for 
Gal(-ft'/-ft'')-representations, we have an injection -Dst(Qp(— f))*"* "—>■ Dst{V), 
which is compatible with the actions of N,Lp. Since = on Dst{Qp{—f)) , 
the image must be contained in Dst{V)^^'^. Since ip acts on -Dst(Qp(— f)) via 
multiplication by q'^, -Dst(^)^^° has a subspace of dimension m where if acts via 
multiplication by g*^. On the other hand, as we see in ^6.61 the dimension of such 
a subspace is at most 1. Hence we have m = 1. 

Hence the assertion of Lemma 17.31 is proved, and the proof of Theorem 17.11 is 
complete. □ 

Remark 7.4. It is known that certain Shimura varieties admit p-adic uniformiza- 
tion (for example, see [RZ2J, Theorem 6.50, Corollary 6.51). Therefore, we can 
apply Theorem l7.1l to such Shimura varieties. Moreover, since the Hasse-Weil zeta 
functions of them can be written in terms of automorphic L-functions, it seems 
possible to deduce another form of the Tate conjecture for them concerning the 
orders of poles of the Hasse-Weil zeta functions (see [Taj, Conjecture 2). 

Remark 7.5. In the function field case. Theorem 17.11 was essentially obtained 
by Laumon-Rapoport-Stuhler by the same method as above ( |LRSj . Proposition 
16.2). Note that, in the function field case, the weight-mono dromy conjecture 
was already known to hold by Deligne ( jPeSj ). 
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